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1 Introduction 

1.1 Aoo-algebras as spaces 

The notion of Aoo-algebra introduced by Stasheff (or the notion of Aoo-category 
introduced by Fukaya) has two different interpretations. First one is operadic: 
an Aoo-algebra is an algebra oyer the Aco-operad (one of its versions is the 
operad of singular chains of the operad of intervals in the real line). Second one 
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is geometric: an Aoo-algebra is the same as a non-commutative formal graded 
manifold X over, say, field k, having a marked /c-point pt, and equipped with 
a vector field d of degree +1 such that d\pt = and [d,d\ =0 (such vector 
fields arc called hom,ologicat) . By definition the algebra of functions on the non- 
commutative formal pointed graded manifold is isomorphic to the algebra of 

formal series 5]„>o Eii,i2,...,i„e/ ^^ii -i^^ii -^ir. '= YjM^^mx^ of free graded 
variables Xi,i £ I (the set / can be infinite). Here M = (ii, ...,in),n > is a 
non-commutative multi-index, i.e. an element of the free monoid generated by 
I. Homological vector field makes the above graded algebra into a complex of 
vector spaces. The triple {X,pt,d) is called a non- commutative formal pointed 
differential- graded ( or simply dg- ) manifold. 

It is an interesting problem to make a dictionary from the pure algebraic 
language of Aoo-algcbras and Aoo-catcgorics to the language of non-commutative 
geometry ^ . One purpose of these notes is to make few steps in this direction. 

Prom the point of view of Grothendieck's approach to the notion of "space" , 
our formal pointed manifolds arc given by functors on graded associative Artin 
algebras commuting with finite projective limits. It is easy to see that such func- 
tors are represented by graded coalgebras. These coalgebras can be thought of as 
coalgcbras of distributions on formal pointed manifolds. The above-mentioned 
algebras of formal power series are dual to the coalgebras of distributions. 

In the case of (small) -categories considered in the subsequent paper we 
will slightly modify the above definitions. Instead of one marked point one will 
have a closed subscheme of disjoint points (objects) in a formal graded manifold, 
and the homological vector field d must be compatible with the embedding of 
this subscheme as well as with the projection onto it. 

1.2 Some applications of geometric language 

Geometric approach to ^oo-algebras and ^oo-categories clarifies several long- 
standing questions. In particular one can obtain an explicit description of the 
^oo-structure on Aoo-functors. This will be explained in detail in the subse- 
quent paper. Here we make few remarks. In geometric terms -functors 
are interpreted as maps between non-commutative formal dg-manifolds com- 
muting with homological vector fields. We will introduce a non-commutative 
formal dg-manifold of maps between two such spaces. Functors are just "com- 
mutative" points of the latter. The case of Aoo-categories with one object (i.e. 
Aoo-algebras) is considered in this paper. The general case reflects the difference 
between quivers with one vertex and quivers with many vertices (vertices corre- 
spond to objects). ^ As a result of the above considerations one can describe ex- 
plicitly the ^oo-structure on functors in terms of sums over sets of trees. Among 
other applications of our geometric language we mention an interpretation of 

^We use "formal" non-commutative geometry in tensor categories, which is diflferent from 
the non-commutative geometry in the sense of Alain Connes. 

^Another, purely algebraic approach to the Aoo-structure on functors was suggested in 
[Lyu]. 



3 



the Hochschild chain complex of an ^oo-algcbra in terms of cychc differential 
forms on the corresponding formal pointed dg-manifold (Section 7.2). 

Geometric language simplifies some proofs as well. For example, Hochschild 
cohomology of an Aoo-catcgory C is isomorphic to Ext* [Idc, Idc) taken in the 
^oo-category of endofunctors C ^ C. This result admits an easy proof, if one 
interprets Hochschild cochains as vector fields and functors as maps (the idea 
to treat Ext* {I decide) as the tangent space to deformations of the derived 
category D''{C) goes back to A.Bondal). 

1.3 Content of the paper 

Present paper contains two parts out of three (the last one is devoted to ^oo" 
categories and will appear later). Here we discuss Aoo-algebras (=non-commutative 
formal pointed dg-manifolds with fixed afFine coordinates). We have tried to be 
precise and provide details of most of the proofs. 

Part I is devoted to the geometric description of Aoo-algcbras. We start 
with basics on formal graded afFine schemes, then add a homological vector 
field, thus arriving to the geometric definition of Aoo-algcbras as formal pointed 
dg-manifolds. Most of the material is well-known in algebraic language. We 
cannot completely avoid Aoo-categories (subject of the subsequent paper). They 
appear in the form of categories of Atx,-modules and A<x,-bimodules, which can 
be defined directly. 

Since in the Ao^-world many notions are defined "up to quasi-isomorphism" , 
their geometric meaning is not obvious. As an example we mention the notion of 
weak unit. Basically, this means that the unit exists at the level of cohomology 
only. In Section 4 we discuss the relationship of weak units with the "differential- 
graded" version of the afhne line. 

We start Part II with the definition of the Hochschild complexes of Aoo- 
algebras. As we already mentioned, Hochschild cochain complex is interpreted 
in terms of graded vector fields on the non-commutative formal affine space. 
Dualizing, Hochschild chain complex is interpreted in terms of degree one cyclic 
differential forms. This interpretation is motivated by [Ko2]. It differs from 
the traditional picture (see e.g. [Co], [CST]) where one assigns to a Hochschild 
chain oq (8i ai (8i ••• ® ctn the differential form aodai-.-dUn- In our approach we 
interepret a, as the dual to an afiine coordinate Xi, and the above expression 
is dual to the cyclic differential 1-form xi...Xndxo. We also discuss graphical 
description of Hochschild chains, the differential, etc. 

After that we discuss homologically smooth compact Aoo-algebras. Those 
are analogs of smooth projective varieties in algebraic geometry. Indeed, the 
derived category D^{X) of coherent sheaves on a smooth projective variety X is 
^oo-equivalent to the category of perfect modules over a homologically smooth 
compact Aoo-algebra (this can be obtained using the results of [BvB]). The al- 
gebra contains as much information about the geometry of X as the category 
D''{X) does. A good illustration of this idea is given by the "abstract" ver- 
sion of Hodge theory presented in Section 9. It is largely conjectural topic, 
which eventually should be incorporated in the theory of "non-commutative 
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motives" . Encoding smooth proper varieties by homologically smooth compact 
Aoo-algebras we can forget about the underlying commutative geometry, and 
try to develop a theory of "non-commutative smooth projective varieties" in an 
abstract form. Let us briefly explain what does it mean for the Hodge theory. 
Let {C,{A,A),b) be the Hochschild chain complex of a (weakly unital) homo- 
logically smooth compact Aoo-algebra A. The corresponding negative cyclic 
complex {C,{A, A)[[u]], b + uB) gives rise to a family of complexes over the for- 
mal affine line A^^^^ [-|-2] (shift of the grading reflects the fact that the variable 
u has degree +2, cf. [Co], [CST]). We conjecture that the corresponding family 
of cohomology groups gives rise to a vector bundle over the formal line. The 
generic flber of this vector bundle is isomorphic to periodic cyclic homology, 
while the fiber over m = is isomorphic to the Hochschild homology. If com- 
pact homologically smooth Aoo-algebra A corresponds to a smooth projective 
variety as explained above, then the generic fiber is just the algebraic de Rham 
cohomology of the variety, while the fiber over u = is the Hodge cohomology. 
Then our conjecture becomes the classical theorem which claims degeneration 
of the spectral sequence Hodge-to-de Rham.^. 

Last section of Part H is devoted to the relationship between moduli spaces 
of points on a cylinder and algebraic structures on the Hochschild complexes. 
In Section 11.3 we formulate a generalization of Deligne's conjecture. Recall 
that Deligne's conjecture says (see e.g. [KoSol], [McS], [T]) that the Hochschild 
cochain complex of an ^oo-algcbra is an algebra over the operad of chains on 
the topological operad of little discs. In the conventional approach to non- 
commutative geometry Hochschild cochains correspond to polyvector fields, 
while Hochschild chains correspond to de Rham differential forms. One can 
contract a form with a polyvector field or take a Lie derivative of a form with 
respect to a polyvector field. This geometric point of view leads to a general- 
ization of Deligne's conjecture which includes Hochschild chains equipped with 
the structure of (homotopy) module over cochains, and to the "Cartan type" 
calculus which involves both chains and cochains (cf. [CST], [TaTl]). We unify 
both approaches under one roof formulating a theorem which says that the 
pair consisting of the Hochschild chain and Hochschild cochain complexes of 
the same -algebra is an algebra over the colored operad of singular chains on 
configurations of discs on a cylinder with marked points on each of the boundary 
circles.^ 

Sections 10 and 11.6 are devoted to Aoo-algebras with scalar product, which 

is the same as non-commutative formal symplcctic manifolds. In Section 10 we 
also discuss a homological version of this notion and explain that it corresponds 
to the notion of Calabi-Yau structure on a manifold. In Section 11.6 we define 
an action of the PROP of singular chains of the topological PROP of smooth ori- 
ented 2-dimensional surfaces with boundaries on the Hochschild chain complex 
of an A(^-algebra with scalar product. If in addition A is homologically smooth 

•'In a recent preprint [Kal], D.Kaledin claims the proof of our conjecture. He uses a different 
approach. 

After our paper was finished we received the paper [TaT2] where the authors proved an 
equivalent result. 
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and the spectral sequence Hodgc-to-de Rham degenerates, then the above action 
extends to the action of the PROP of singular chains on the topological PROP 
of stable 2-diniensional surfaces. This is essentially equivalent to a structure of 
2-diniensional Cohomological TFT (similar ideas have been developed by Kevin 
Costello, see [Cos]). More details and an application of this approach to the 
calculation of Gromov-Witten invariants will be given in [KaKoP] . 

1.4 Generalization to Aoo-categories 

Let us say few words about the subsequent paper which is devoted to A^o- 
categories. The formalism of present paper admits a straightforward gener- 
alization to the case of Aoo-categories. The latter should be viewed as non- 
commutative formal dg-manifolds with a closed marked subscheme of objects. 
Although some parts of the theory of Aoo-categories admit nice interpretation in 
terms of non-commutative geometry, some other still wait for it. This includes 
e.g. triangulated y4oo-categories. We will present the theory of triangulated A^o- 
categories from the point of view of ^oo-functors from "elementary " categories 
to a given Aoo-category (see a summary in [Ko5], [Sol], [So2]). Those "elemen- 
tary" categories are, roughly speaking, derived categories of representations of 
quivers with small number of vertices. Our approach has certain advantages over 
the traditional one. For example the complicated "octahedron axiom" admits 
a natural interpretation in terms of functors from the Aoo-category associated 
with the quiver of the Dynkin diagram A2 (there are six indecomposible objects 
in the category D^{A2 — mod) corresponding to six vertices of the octahedron). 
In some sections of the paper on Aoo-categories we have not been able to pro- 
vide pure geometric proofs of the results, thus relying on less flexible approach 
which uses differential-graded categories (see [Dr]). As a compromise, we will 
present only part of the theory of Aoo-categories, with sketches of proofs, which 
are half-geomeric and half-algebraic, postponing more coherent exposition for 
future publications. 

In present and subsequent paper we mostly consider Aoo-algebras and cat- 
egories over a field of characteristic zero. This assumption simplifies many 
results, but also makes some other less general. We refer the reader to [Lyu], 
[LyuOv] for a theory over a ground ring instead of ground field (the approach 
of [Lyu] , [LyuOv] is pure algebraic and different from ours). Most of the results 
of present paper are valid for an Aoo-algebra A over the miital commutative 
associative ring k, as long as the graded module A is flat over k. More precisely, 
the results of Part I remain true except of the results of Section 3.2 (the minimal 
model theorem). In these two cases we assume that A; is a field of characteristic 
zero. Constructions of Part II work over a commutative ring k. The results 
of Section 10 are valid (and the conjectures are expected to be valid) over a 
field of characteristic zero. Algebraic version of Hodge theory from Section 9 
and the results of Section 11 are formulated for an ^oo-algebra over the field 
of characteristic zero, although the Conjecture 2 is expected to be true for any 
Z-flat Aoc-algcbra. 

Acknowledgments. We thank to Vladimir Drinfeld for useful discussions and 
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Part I 

Aoo- algebras and 
non-commutative dg-manifolds 

2 Coalgebras and non-commutative schemes 

Geometric description of -algebras will be given in terms of geometry of non- 
commutative ind-affinc schemes in the tensor category of graded vector spaces 
(we will use Z-grading or Z/2-grading). In this section we are going to describe 
these ind-schemes as functors from finite-dimensional algebras to sets (cf. with 
the description of formal schemes in [Gr]). More precisely, such functors are 
represented by counital coalgebras. Corresponding geometric objects are called 
non- commutative thin schemes. 

2.1 Coalgebras as functors 

Let fc be a field, and C bo a fc-linear Abelian symmetric monoidal category (we 
will call such categories tensor), which admits infinite sums and products (we 
refer to [DM] about all necessary terminology of tensor categories). Then we 
can do simple linear algebra in C, in particular, speak about associative algebras 
or coassociative coalgebras. For the rest of the paper, unless we say otherwise, 
we will assume that either C = Veci^, which is the tensor category of Z-graded 

Z/2 

vector spaces V = (BnezVn, or C = Vectf^' , which is the tensor category of 
Z/2-graded vector spaces (then V = VoOVi), oy C = Vectk, which is the tensor 
category of fc-vector spaces. Associativity morphisms in Vedf or Vectf^'^ are 
identity maps, and commutativity morphisms are given by the Koszul rule of 
signs: c{vi (g) Vj) = {—ly^Vj ® Vi, where Vn denotes an element of degree n. 

We will denote by the Artinian category of finite-dimensional objects in 
C (i.e. objects of finite length). The category Alg^f of unital finite-dimensional 
algebras is closed with respect to finite projective limits. In particular, finite 
products and finite fiber products exist in Algct ■ One has also the categories 
Coalgc (resp. Coalg^f) of coassociative counital (rcsp. coassociative counital 
finite-dimensional) coalgebras. In the case C = Vectk we will also use the 
notation Alg^, Algl, Coalgk and Coalgl for these categories. The category 
Coalgcf = Alg% admits finite inductive limits. 
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Wc will need simple facts about coalgebras. We will present proofs in the 
Appendix for completness. 

Theorem 2.1.1 Let F : Algi^s —>■ Sets be a covariant functor commuting with 
finite projective limits. Then it is isomorphic to a functor of the type A i— > 
HomcoaigciA* , B) for some counital coalgebra B. Moreover, the category of 
such functors is equivalent to the category of counital coalgebras. 

Proposition 2.1.2 IfB G Oh{Coalgc), then B is a union of finite- dimensional 
counital coalgebras. 

Objects of the category Coalgcf = Alg'^j can be interpreted as "very thin" 
non-commutative afSne schemes (cf. with finite schemes in algebraic geometry) . 
Proposition 1 implies that the category Coalgc is naturally equivalent to the 
category of ind-objects in Coalg^f. 

For a counital coalgebra B we denote by Spc{B) (the "spectrum" of the 
coalgebra B) the corresponding functor on the category of finite-dimensional al- 
gebras. A functor isomorphic to Spc(B) for some B is called a nan- commutative 
thin scheme. The category of non-commutative thin schemes is equivalent to the 
category of counital coalgebras. For a non-commutative scheme X we denote by 
Bx the corresponding coalgebra. We will call it the coalgebra of distributions 
on X. The algebra of functions on X is by definition 0{X) = B*^. 

Non-commutative thin schemes form a full monoidal subcategory NAff^P' C 
Ind{N Af fc) of the category of non-commutative ind-affine schemes (see Ap- 
pendix). Tensor product corresponds to the tensor product of coalgebras. 

Let us consider few examples. 

Example 2.1.3 Let V G Ob{C). Then T{V) = ©„>oV^®" carries a structure of 
counital cofree coalgebra in C with the coproduct A{vo<Si ■■■^Vn) = X]o<i<n(^o 
... (8) Vi) (g) {vi+i (E) •.. (8) Vn)- The corresponding non-commutative thin scheme 
is called non-commutative formal affine space Vform (or formal neighborhood of 
zero inV). 

Definition 2.1.4 A nan- commutative formal manifold X is a non- commutative 
thin scheme isomorphic to some Spc{T{V)) from the example above. The di- 
mension of X is defined as dinikV . 

The algebra 0{X) of functions on a non-commutative formal manifold X 
of dimension n is isomorphic to the topological algebra k{{xi, ...,Xn)) of formal 
power series in free graded variables xi,...,Xn- 

Let X be a non-commutative formal manifold, and pt : k ^ Bx a fc-point 
in X, 

Definition 2.1.5 The pair {X,pt) is called a non-commutative formal pointed 
manifold. If C ~ Vect^ it will be called non- commutative formal pointed graded 
manifold. If C = Vect'^^'^ it will be called non- commutative formal pointed 
supermanifold. 
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The following example is a generalization of the Example 1 (which corre- 
sponds to a quiver with one vertex). 

Example 2.1.6 Let I be a set and Bi = (Bieili be the direct sum of trivial 
coalgebras. We denote by 0{I) the dual topological algebra. It can be thought of 
as the algebra of functions on a discrete non- commutative thin scheme I. 

A quiver Q in C with the set of vertices I is given by a collection of objects 
Eij e C,i,j e / called spaces of arrows from i to j. The coalgebra of Q is 
the coalgebra Bq generated by the 0{I) — O{l)-bimodule Eq — (Bijei^ij, i.e. 
Bq ~ ©„>o ©io,n,...,ine/ -^ion ® ■■■ ® ^i^-ii^ '■= ®n>QB'^, B^Q := Bj. Elements 
of Bq are called trivial paths. Elements of Bq are called paths of the length n. 
Coproduct is given by the formula 

A(eioii(8)...(8)ej„_ii„) = eo<m<n(eion<8)-<8)ej„_ij^)0(ei^i„+i-0-®ei^_ii„), 

where for m = (resp. m = n) we set ei_^i^ = (reap, ei^i^^^ = li„^. 

In particular, A(lj) = 1^ ® 1^,2 G / and A(eij) = 1^ ® e^- + Cij ® Ij, where 
Cij € Eij, and Im G Bj corresponds to the image o/ 1 G 1 under the natural 
embedding into (Bmei^- 

The coalgebra Bq has a counit s such that = 1,, and e{x) = for 
xeB^,n>l. 

Example 2.1.7 (Generalized quivers). Here we replace li by a unital simple 
algebra Ai (e.g. Ai — Mat{ni, Di), where Di is a division algebra). Then Eij 
are Ai — mod — Aj-bimodules. We leave as an exercise to the reader to write 
down the coproduct (one uses the tensor product of bimodules) and to check that 

we indeed obtain a coalgebra. 

Example 2.1.8 Let I be a set. Then the coalgebra Bj = (Bieili is a direct sum 
of trivial coalgebras, isomorphic to the unit object in C. This is a special case 
of Example 2. Notice that in general Bq is a 0{I) — O{l)-bimodule. 

Example 2.1.9 Let A be an associative unital algebra. It gives rise to the func- 
tor Fa '■ Coalg^s —t Sets such that Fa{B) = HomAigdA, B*). This functor 
describes finite-dimensional representations of A. It commutes with finite direct 
limits, hence it is representable by a coalgebra. If A = 0{X) is the algebra of 
regular functions on the affine scheme X, then in the case of algebraically closed 
field k the coalgebra representing Fa is isomorphic to ®xex{k)0*x x> where O* ^ 
denotes the topological dual to the completion of the local ring Ox,x ■ If X is 
smooth of dimension n, then each summand is isomorphic to the topological dual 
to the algebra of formal power series k[\ti, ...,f„]]. In other words, this coalgebra 
corresponds to the disjoint union of formal neighborhoods of all points of X. 

Remark 2.1.10 One can describe non- commutative thin schemes more pre- 
cisely by using structure theorems about finite- dimensional algebras in C. For 
example, in the case C = Vectk any finite- dimensional algebra A is isomorphic 
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to a sum Aq ® r, where Aq is a finite sum of matrix algebras ®iMat{ni, Di), Di 
are division algebras, and r is the radical. In Z- graded case a similar decompo- 
sition holds, with Aq being a sum of algebras of the type End{Vi) Di, where Vi 
are some graded vector spaces and Di are division algebras of degree zero. In 
Zi/2-graded case the description is slightly more complicated. In particular Aq 
can contain summands isomorphic to {End{Vi)<SiDi)^D\, where Vi and Di are 
'L/2-graded analogs of the above- described objects, and D\ is a dimensional 
superalgebra isomorphic to k[^]/{^'^ = X), deg£, = 1,A G 

2.2 Smooth thin schemes 

Recall that the notion of an ideal has meaning in any abclian tensor category. 
A 2-sided ideal J is called nilpotent if the multiplication map J®" — > J has zero 
image for a sufficiently large n. 

Definition 2.2.1 Counital coalgebra B in a tensor category C is called smooth 
if the corresponding functor Fb ■ Alg^s Sets,FB{A) = Homcoaigd^* ^ B) 
satisfies the following lifting property: for any 2- sided nilpotent ideal ,J <Z A the 
map Fb{A) — > Fb{A/J) induced by the natural projection A A/ J is sur- 
jective. Non- commutative thin scheme X is called smooth if the corresponding 
counital coalgebra B = Bx is smooth. 

Proposition 2.2.2 For any quiver Q in C the corresponding coalgebra Bq is 
smooth. 

Proof. First let us assume that the result holds for all finite quivers. We remark 
that if A is finite-dimensional, and Q is an infinite quiver then for any morphism 
f : A* ^ Bq we have: f{A*) belongs to the coalgebra of a finite sub-quiver of Q. 
Since the lifting property holds for the latter, the result follows. Finally, we need 
to prove the Proposition for a finite quiver Q . Let us choose a basis {eij,a} of 
each space of arrows Eij . Then for a finite-dimensional algebra A the set Fbq [A) 
is isomorphic to the set {{(iTi) , Xij^a)i,j<^i} , where tt^ G A^irf = TXi^TTiHj = TTjiTi, 
i jj^iei'^i — and Xi^^a € TTiAnj satisfy the condition: there exists 
N > 1 such that Xi^j^^cei---Xi^j^,a^ = for all m > N. Let now J C ^ be 
the nilpotent ideal from the definition of smooth coalgebra and {'n'l, x'^j ^) be 
elements of A/ J satisfying the above constraints. Our goal is to lift them to A. 
We can lift the them to the projectors ttj and elements Xij^a for A in such a way 
that the above constraints are satisfied except of the last one, which becomes 
an inclusion Xi^j^^ai---Xi^j^,am & J iov m> N. Since J" = in A for some n 
we see that Xi^j^^ai---Xi^j^,am = in ^ for m > nN. This proves the result. ■ 

Remark 2.2.3 a) According to Cuntz and Quillen (see [C'Q2]) a non- commutative 
algebra R in Vectk is called smooth if the functor Algk —>■ Sets, Fji{A) = 
HomAigi,{R,A) satisfies the lifting property from the Definition 3 applied to 
all (not only finite- dimensional) algebras. We remark that if R is smooth in 
the sense of Cuntz and Quillen then the coalgebra Rduai representing the func- 
tor Coalgl — » Sets,B Hom^,f{R,B*) is smooth. One can prove that any 
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smooth coalgebra in Vectk is isomorphic to a coalgebra of a generalized quiver 
(see Example 3). 

b) Almost all examples of non- commutative smooth thin schemes consid- 
ered in this paper are formal pointed manifolds, i.e. they are isomorphic to 
Spc{T(y)) for some V G Ob{C). It is natural to try to "globalize" our results 
to the case of non- commutative "smooth" schemes X which satisfy the property 
that the completion of X at a "commutative" point gives rise to a formal pointed 
manifold in our sense. An example of the space of maps is considered in the 
next subsection. 

c) The tensor product of non-commutative smooth thin schemes is typically 
non-smooth, since it corresponds to the tensor product of coalgebras (the latter 
is not a categorical product). 

Let now x be a A;-point of a non-commutative smooth thin scheme X. By 
definition x is a homomorphism of counital coalgebras x : k Bx (licro k = 1 
is the trivial coalgebra corresponding to the unit object). The completion X^ 
of X at a; is a formal pointed manifold which can be described such as follows. 
As a functor Fj^ : Algj, Sets it assigns to a finite-dimensional algebra A 
the set of such homomorphisms of counital colagebras f : A* ^ Bx which are 
compositions A* ^ A^ Bx, where A* C Bx is a conilpotent extension of 
X (i.e. Ai is a finite-dimensional unital nilpotent algebra such that the natural 
embedding A; — > — > Bx coinsides with x : k ^ Bx)- 

Description of the coalgebra B^ is given in the following Proposition. 

Proposition 2.2.4 The formal neighborhood X^ corresponds to the counital 
sub-coalgebra B^ c Bx which is the preimage under the natural projection 
Bx — > Bx/x{k) of the sub-coalgebra consisting of conilpotent elements in the 
non-counital coalgebra B/x{k). Moreover, X^ is universal for all morphisms 
from nilpotent extensions of x to X. 

We discuss in Appendix a more general construction of the completion along 
a non-commutative thin subscheme. 

We leave as an exercise to the reader to prove the following result. 

Proposition 2.2.5 Let Q be a quiver and pti G X = Xbq corresponds to a 

vertex i E T Then the formal neighborhood Xpt- is a formal pointed manifold 
corresponding to the tensor coalgebra T^Eu) = (Bn>oE^"' , where En is the space 
of loops at i. 

2.3 Inner Horn 

Let X,Y be non-commutative thin schemes, and Bx,By the corresponding 

coalgebras. 

Theorem 2.3.1 The functor Alg^f — > Sets such that 

A Homcoalgc Bx , By) 
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is representable. The corresponding non- commutative thin scheme is denoted by 
Maps{X,Y). 

Proof. It is easy to sec that the functor under consideration commutes with 
finite projective hmits. Hence it is of the type A i—>- Homcoaigd^* j B), where 
B is a counital coalgebra (Theorem 1). The corresponding non-commutative 
thin scheme is the desired Maps{X,Y). ■ 

It follows from the definition that Maps{X,Y) = Hom jX. Y), where the 
inner Hom is taken in the symmetric monoidal category of non-commutative 
thin schemes. By definition Hom jX, Y) is a non-commutative thin scheme, 
which satisfies the following functorial isomorphism for any Z £ Ob{N Af f^): 

Homjy ^f fth (Z, Hom (X. Y)) ~ Homj^j^ffU>{Z®X,Y). 

Notice that the monoidal category NA ffc of all non-commutative affine schemes 
does not have inner Horn's even in the case C = Vectk- If C = Vectk then one 
can define Hom{X, Y) for X = Spec{A), where A is a finite-dimensional unital 
algebra and Y is arbitrary. The situation is similar to the case of "commutative" 
algebraic geometry, where one can define an affine scheme of maps from a scheme 
of finite length to an arbitrary aSine scheme. On the other hand, one can show 
that the category of non-commutative ind-affine schemes admit inner Hom's 
(the corresponding result for commutative ind-affine schemes is known. 

Remark 2.3.2 The non- commutative thin scheme Maps{X,Y) gives rise to 
a quiver, such that its vertices are k-points of Maps{X,Y). In other words, 
vertices correspond to homomorphisms Bx By of the coalgebras of distribu- 
tions. Taking the completion at a k-point we obtain a formal pointed manifold. 
More generally, one can take a completion along a subscheme of k-points, thus 
arriving to a non- commutative formal manifold with a marked closed subscheme 
(rather than one point). This construction will be used in the subsequent paper 
for the desription of the A^o- structure on A^o- functors. We also remark that 
the space of arrows Eij of a quiver is an example of the geometric notion of 
bitangent space at a pair of k-points i,j. It will be discussed in the subsequent 
paper. 

Example 2.3.3 Let Qi = {*i} and Q2 = {12] be quivers with one vertex such 
that Ei,i, = Vi,Ei^i^ = V2, dimVi < oo,z = 1,2. Then Bq, = T{Vi),i = 1,2 

and Maps{XBQ^ , ^Bq^ ) corresponds to the quiver Q such that the set of vertices 
Iq = Homcoaigc{BQ^,BQ.^) = nn>i Hom lV^", V?) and for any two vertices 
f,gElQ the space of arrows is isomorphic to Ej^g = nn>o Hom (Vf " , V2). 

Definition 2.3.4 Homomorphism f : Bi —> B2 of counital coalgebras is called 
a minimal conilpotent extension if it is an inclusion and the induced coproduct 
on the non-counital coalgebra B2/ f{Bi) is trivial. 

Composition of minimal conilpotent extensions is simply called a conilpotent 
extension. Definition 2.2.1 can be reformulated in terms of finite-dimensional 
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coalgcbras. Coalgcbra B is smooth if the functor C Homcoaigc (C*, B) satisfies 
the hfting property with respect to conilpotent extensions of finite-dimensional 
counital coalgebras. The following proposition shows that we can drop the 
condition of finite-dimensionality. 

Proposition 2.3.5 If B is a smooth coalgebra then the functor Coal gc — > Sets 
such that C i-^ HomcoaigdC^^ ^) satisfies the lifting property for conilpotent 

extensions. 

Proof. Let / : -Bi — *■ i?2 be a conilpotent extension, and g : Bi ^ B 
and arbitrary homomorphism of counital coalgebras. It can be thought of as 
homoinorphism of f{Bi) ^ B. We need to show that g can be extended to B2. 
Let us consider the set of pairs {C,gc) such f{Bi) C C C B2 and gc : C ^ B 
defines an extension of counital coalgebras, which coincides with g on f{Bi). We 
apply Zorn lemma to the partially ordered set of such pairs and see that there 
exists a maximal element {Bmax,gmax) in this set. We claim that B^ax = -62- 
Indeed, let a; e B2 \ Bmax- Then there exists a finite-dimensional coalgebra 
Bx C B2 which contains x. Clearly B^ is a conilpotent extension of ClB^. 
Since B is smooth we can extend gmax ■ f{Bi) H B^ ^ B to gx ■ B^ ^ B 
and, finally to gx,max '■ Bx + Bmax B. This contradicts to maximality of 
{Bmax,9max)- Proposition is proved. ■ 

Proposition 2.3.6 IfX, Y are non- commutative thin schemes and Y is smooth 
then Maps{X, Y) is also smooth. 

Proof. Let A ^ A/ J he a. nilpotent extension of finite-dimensional unital 
algebras. Then {A/ J)* (g) Bx — > A* ® Bx is a conilpotent extension of counital 
coalgebras. Since By is smooth then the previous Proposition implies that the 
induced map Homcoaigci^* ® Bx,By) Homcoaigdi^/J)* ® Bx,By) is 
surjective. This concludes the proof. ■ 

Let us consider the case when {X,ptx) and {Y,ptY) are non-commutative 
formal pointed manifolds in the category C = Vectf. One can des(;ribe "in 
coordinates" the non-commutative formal pointed manifold, which is the for- 
mal neighborhood of a fc-point of Maps{X,Y). Namely, let X = Spc{B) and 
Y — Spc{C), and let / G Homf^j^ffth{X^Y) be a morphism preserving marked 
points. Then / gives rise to a fc-point oi Z = Maps{X,Y). Since 0{X) and 
0{Y) are isomorphic to the topological algebras of formal power series in free 
graded variables, we can choose sets of free topological generators {xi)i^i and 
{yj)jeJ for these algebras. Then we can write for the corresponding homomor- 
phism of algebras /* : 0{Y) 0{X): 

I 

where c^ jy^ G k and M = (h, G / is a non-commutative multi-index 

(all the coefficients depend on /, hence a better notation should be cj'^). Notice 
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that for M = one gets c"q = since / is a morphism of pointed schemes. 
Then we can consider an "infinitesimal deformation" fdef of / 

M 

where Sc^ ^ arc new variables commuting with all Xi . Then (5c^ can be thought 
of as coordinates in the formal neighborhood of /. More pedantically it can be 
spelled out such as follows. Let yl = fc®m be a finite-dimensional graded imital 
algebra, where m is a graded nilpotent ideal of A. Then an A-point of the formal 
neighborhood [// of / is a morphism (f> € Hom^ j^j jth{Spec{A) X,Y), such 
that it reduces to / modulo the nilpotent ideal m. We have for the corresponding 
homomorphism of algebras: 

<t>*{y3) = ^Cj,Mx'^, 
M 

where M is a non-commutative multi-index, Cj^M G ^, and Cj,m i— > c° m under 
the natural homomorphism A — > fc = A/m. In particular Cj^ 6 m. We can treat 
coefHcients Cj^M as A-points of the formal neighborhood ?7/ of / G Maps{X, Y). 

Remark 2.3.7 The above definitions will play an important role in the subse- 
quent paper, where the non- commutative smooth thin scheme Spc{Bq) will be 
assigned to a (small) Aoo-category, the non- commutative smooth thin scheme 
Maps{Spc{BQ^), Spc{Bq,^)) will be used for the description of the category of 
Aao-functors between A^o- categories, and the formal neighborhood of a point 
in the space Maps{Spc{BQ^), Spc{BQ^)) will correspond to natural transforma- 
tions between A^o -functors. 

3 Aqo- algebras 
3.1 Main definitions 

Prom now on assume that C = Vectf unless we say otherwise. If X is a thin 

scheme then a vector field on X is, by definition, a derivation of the coalgebra 
Bx- Vector fields form a graded Lie algebra Vect(X). 

Definition 3.1.1 A non-commutative thin differential- graded (dg for short) 
scheme is a pair {X,d) where X is a non- commutative thin scheme, and d 
is a vector field on X of degree +1 such that [d, rf] = 0. 

We will call the vector field d homological vector field. 

Let X be a formal pointed manifold and xq be its unique /c-point. Such a 
point corresponds to a homomorphism of counital coalgebras k Bx. We say 
that the vector field d vanishes at xo if the corresponding derivation kills the 
image of k. 
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Definition 3.1.2 A non- commutative formal pointed dg-manifold is a pair {{X, Xq 
such that {X, xq) is a non-commutative formal pointed graded manifold, and 
d= dx is a homological vector field on X such that d\xo =0. 

Homological vector field d has an infinite Taylor decomposition at xq . More 
precisely, let T^^X be the tangent space at xq. It is canonically isomorphic to 
the graded vector space of primitive elements of the coalgebra Bx, i-e. the set of 
a e Bx such that A(a) = l®a + a®l where 1 G Bx is the image of 1 G fc imder 
the homomorphism of coalgebras xq : k ^ Bx (see Appendix for the general 
definition of the tangent space). Then d := dx gives rise to a (non-canonically 
defined) collection of linear maps d^'' := m„ : Tx^X®"^ TxoX[l\,n > 1 called 
Taylor coefficients of d which satisfy a system of quadratic relations arising 
from the condition [d.d] = 0. Indeed, our non-commutative formal pointed 
manifold is isomorphic to the formal neighborhood of zero in Tx^X, hence the 
corresponding non-commutative thin scheme is isomorphic to the cofree tensor 
coalgebra T{TxoX) generated by T^^X. Homological vector field d is a derivation 
of a cofree coalgebra, hence it is uniquely determined by a sequence of linear 
maps m„. 

Definition 3.1.3 Non-unital Aoo-algebra overk is given by a non-commutative 
formal pointed dg-manifold {X,xo,d) together with an isom,orphism, of counital 
coalgebras Bx ^ TiT^^X). 

Choice of an isomorphism with the tensor coalgebra generated by the tangent 
space is a non-commutative analog of a choice of affine structure in the formal 
neighborhood of xq. 

From the above definitions one can recover the traditional one. We present 
it below for convenience of the reader. 

Definition 3.1.4 A structure of an Aoc-algebra on V € Oh{Vect^) is given 
by a derivation d of degree +1 of the non-counital cofree coalgebra Tj^{V[l\) = 
©Ti>i^'^" such that [d,d\=Q in the differential- graded Lie algebra of coalgebra 
derivations. 

Traditionally the Taylor coefficients of d = wi + m2 + ... are called (higher) 
multiplications for V . The pair (V, mi) is a complex of fc-vector spaces called the 
tangent complex, li X = Spc{T(V)) then ^[1] = TqX and mi = d^^ is the first 
Taylor coefficient of the homological vector field dx • The tangent cohomology 
groups H'{V,mi) will be denoted by HHV). Clearly H*{V) = (S^ezH'{V) is 
an associative (non-unital) algebra with the product induced by m2 . 

An important class of Aoo-algebras consists of unital (or strictly unital) and 
weakly unital (or homologically unital) ones. We are going to discuss the defi- 
nition and the geometric meaning of unitality later. 

Homomorphism of ^oo-algebras can be described geometrically as a mor- 
phism of the corresponding non-commutative formal pointed dg-manifolds. In 
the algebraic form one recovers the following traditional definition. 
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Definition 3.1.5 A homomorphism of non-unital Aqq- algebras (Aoo-morphism 
for short) {V, dy) — > {W, dw) is a homomorphism of differential- graded coalge- 
brasT+{V[l])^T+{W[l]). 

A homomorphism / of non-unital Aoo-algebras is determined by its Taylor 
coefficients /„ : F®" W[l — n],n> 1 satisfying the system of equations 
Ei<ii<...,<i^=„(-l)^'"i,^(/ii(ai,-,a(i), 

/i2-ii(«U+l) ■■■jO'h)^ fn-li-i{an-h-i + l, ■■■,an)) = 

J2s+r=n+i Ei<j<s(~l)''°/s(aij •■•7 aj^i,mY{aj, ...,aj+r-i),aj+r, a„). 
Here = rJ2i<p<j-i deg{ap) +j - 1 +r(s - j), 7^ = Y.\<p<iS' - V)% " 
/p_i - 1) + E i<p<i_i ^(^p) Ezj,_i+i<ij<ip where we use the notation 
= Ep+i<m<i(l - + ^m-i), and set Iq = 0. 

Remark 3.1.6 All the above definitions and results are valid for Z/2-graded 
Aoo-algebras as well. In this case we consider formal manifolds in the category 
Vect'^^^ of 7i/2-graded vector spaces. We will use the correspodning results 
without further comments. In this case one denotes by HA the Z/2-graded vector 
space A[l]. 

3.2 Minimal models of Aoo-algebras 

One can do simple differential geometry in the symmetric monoidal category of 
non-commutative formal pointed dg-manifolds. New phenomenon is the possi- 
bility to define some structures up to a quasi-isomorphism. 

Definition 3.2.1 Let f : {X,dx,xo) {Y,dY,yo) be a morphism of non- 
commutative formal pointed dg-manifolds. We say that f is a quasi-isomorphism 
if the induced morphism of the tangent com,plexes fi : (T^gX, d^^) —^ {Ty^Y, dy^) 
is a quasi-isomorphism. We will use the same terminology for the corresponding 
Aoo-cdgebras. 

Definition 3.2.2 An Aoo-algebra A (or the corresponding non- commutative 
formal pointed dg-manifold) is called minimal if mi = 0. It is called contractible 
if rfin = for all n>2 and H*{A,mi) = 0. 

The notion of minimality is coordinate independent, while the notion of 
contractibility is not. 

It is easy to prove that any Aoo-algebra A has a minimal model Ma, i.e. 
Ma is minimal and there is a quasi-isomorphism Ma A (the proof is similar 
to the one from [Kol], [KoSo2]). The minimal model is unique up to an ^oo- 
isomorphism. We will use the same terminology for non-commutative formal 
pointed dg-manifolds. In geometric language a non-commutative formal pointed 
dg-manifold X is isomorphic to a categorical product (i.e. corresponding to 
the completed free product of algebras of functions) Xm x Xic, where X^ is 
minimal and Xic is linear contractible. The above-mentioned quasi-isomorphism 
corresponds to the projection X — s- X^. 

The following result (homological inverse function theorem) can be easily 
deduced from the above product decomposition. 



16 



Proposition 3.2.3 If f : A ^ B is a quasi-isomorphism of A^x,- algebras then 
there is a (non- canonical) quasi-isomorphism g : B A such that fg and gf 
induce identity maps on zero cohomologies H^{B) and H^{A) respectively. 

3.3 Centralizer of an Aoo-morphism 

Let A and B be two Aoc-algebras, and {X, dx, xq) and {Y, dY,yo) be the corre- 
sponding non-commutative formal pointed dg-manifolds. Let f : A B he a 
morphism of Aoo-algebras. Then the corresponding fc-point / € Maps{Spc{A), Spc{B)) 
gives rise to the formal pointed manifold Uf — Maps{X,Y)f (completion at 
the point /). Functoriality of the construction of Maps{X,Y) gives rise to a 
homomorphism of graded Lie algebras of vector fields Vect{X) ® Vect{Y) — > 
Vect{Maps{X,Y)). Since [dxjdy] = on Xcgil^, we have a well-defined homo- 
logical vector field dz on Z = Maps{X, Y). It corresponds to dx^^y — Ix^^dy 
under the above homomorphism. It is easy to see that dz\f = and in fact 
morphisms / : ^ ^ _B of Aoo-algcbras are exactly zeros of dz- We are going to 
describe below the Aoo-algebra Centr{f ) (centralizer of /) which corresponds 
to the formal neighborhood Uf of the point / G Maps{X,Y). We can write 
(see Section 2.3 for the notation) 

where c'j € k and rj^M are formal non-commutative coordinates in the neigh- 
borhood of /. Then the A^o-algobra Centr{f) has a basis {rj,M)j.M and the 
^oo-structure is defined by the restriction of the homological vector dz to Uf. 

As a Z-graded vector space Centr{f) — 'W^^QHomy^^^-z.{A®",B)[—n]. Let 
^1, ipn e Centr{f), and ai, an G A. Then we have mn{4>i, 0n)(ai, ajv) = 
I + R. Here I corresponds to the term = Ix ^dy and is given by the following 
expression 
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trees T 




root 

Comments on the figure describing I. 

1) We partition a sequence (oi, ...,ajv) into I > n non-empty subsequences. 

2) We mark n of these subsequences counting from the left (the set can be 
empty) . 

3) We apply multilinear map , 1 < i < n to the ith marked group of 
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elements a/. 

4) We apply Taylor coefficients of / to the remaining subsequences. 
Notice that the term R appear only for mi (i.e. n = 1). For all subsequences 

wc have n > 1. 

From geometric point of view the term / corresponds to the vector field dy, 
while the term R corresponds to the vector field dx- 

Proposition 3.3.1 Let dcentr(f) be the derivation corresponding to the image 
of dx © dy in Maps{X, Y). 

One has [dcentr{f),dcentrU)] = 0- 

Proof. Clear. ■ 

Remark 3.3.2 The A^-algebra Centr{f) and its generalization to the case of 

Aoo- categories discussed in the subsequent paper provide geometric description 
of the notion of natural transformaion in the Ao^-case (see [Lyu],[LyuOv] for a 
pure algebraic approach to this notion). 

4 Non-commutative dg-line L and weak unit 
4.1 Main definition 

Definition 4.1.1 An Aoo-algebra is called unital (or strictly unital) if there 
exists an element \ & V of degree zero, such that m2(l,u) = m2(u, 1) and 
mn{v\, ...,Vn) — for all n ^ 2 and v,v\, ...,Vn S V. It is called weakly 
unital (or homologically unital) if the graded associative unital algebra H*{V) 
has a unit 1 e H°{V). 

The notion of strict unit depends on a choice of afiine coordinates on Spc{T{V)), 

while the notion of weak unit is "coordinate free" . Moreover, one can show that 
a weakly unital Aoo-algebra becomes strictly unital after an appropriate change 
of coordinates. 

The category of unital or weakly unital Aoc-algcbras are defined in the nat- 
ural way by the requirement that morphisms preserve the unit (or weak unit) 
structure. 

In this section wc are going to discuss a non-commutative dg- version of the 
odd 1-dimensional supervector space A°'^ and its relationship to weakly unital 
^oo-algebras. The results are valid for both Z-graded and Z/2-graded A^o- 
algebras. 

Definition 4.1.2 Non- commutative formal dg-line h is a non- commutative for- 
mal pointed dg-manifold corresponding to the one- dimensional A^o-algebra A ~ 
k such that m2 = id, m„^2 = 0. 

The algebra of functions C'(L) is isomorphic to the topological algebra of formal 
series k{{^)), where deg^ = 1. The differential is given by d{£^) ~ 
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4.2 Adding a weak unit 

Let (X.cIxtXq) be a non-commutative formal pointed dg-manifold corrcspod- 
ning to a non-unital A^-algehra, A. We would like to describe geometrically the 
procedure of adding a weak unit to A. 

Let us consider the non-commutative formal pointed graded manifold Xi = 
L X X corresponding to the free product of the coalgebras -Bl * Bx ■ Clearly 
one can lift vector fields dx and dj, := d/d^ to Xi. 

Lemma 4.2.1 The vector field 

d:=dx, =dx+ad{0-ed/d^ 
satisfies the condition [d, d] = 0. 
Proof. Straightforward check. ■ 

It follows from the formulas given in the proof that ^ appears in the ex- 
pansion of dx in quadratic expressions only. Let Ai be an Aoc-algcbras cor- 
responding to Xi and 1 G TpfXi = Ai[l] be the element of Ai[l] dual to ^ 
(it corresponds to the tangent vector d/d^). Thus we see that m^^(l,a) = 
m2^{a, 1) = a,TO^^(l, 1) = 1 for any a <E A and m^^{ai, 1, ...,an) = for all 
n > 2, fli, a„ G A. This proves the following result. 

Proposition 4.2.2 The A^-algebra Ai has a strict unit. 

Notice that we have a canonical morphism of non-commutative formal pointed 

dg-manifolds e : X Xi such that e*\x = id, e*(^) = 0. 

Definition 4.2.3 Weak unit in X is given by a morphism of non- commutative 
formal pointed dg-manifolds p : Xi ^ X such that poe = id. 

It follows from the definition that if X has a weak unit then the associative 
algebra H*{A,m^) is unital. Hence our geometric definition agrees with the 
pure algebraic one (explicit algebraic description of the notion of weak unit can 
be found e.g. in [FOOO], Section 20 

5 Modules and bimodules 

5.1 Modules and vector bundles 

Recall that a topological vector space is called linearly compact if it is a pro- 
jective limit of finite-dimensional vector spaces. The duality functor V V* 
establishes an anti-equivalence between the category of vector spaces (equipped 
with the discrete topology) and the category of linearly compact vector spaces. 
All that can be extended in the obvious way to the category of graded vector 
spaces. 

Let X be a non-commutative thin scheme in Veci^. 

^V. Lyubashenko has informed us that the equivalence of two descriptions also follows from 
his results with Yu. Bespalov and O. Manzyuk. 
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Definition 5.1.1 Linearly compact vector bundle £ over X is given by a lin- 
early compact topologically free 0{X)-module r(f ), where 0{X) is the algebra 
of function on X. Module T{£) is called the module of sections of the linearly 
compact vector bundle £. 

Suppose that (X, xo) is formal graded manifold. The fiber of £ over xq is 
given by the quotient space £x„ = V{£) /mxfX{£) where m,;,, C 0{X) is the 2- 
sidcd maximal ideal of functions vanishing at xq, and the bar means the closure. 

Definition 5.1.2 A dg-vector bundle over a formal pointed dg-manifold {X, dx,Xo) 
is given by a linearly compact vector bundle £ over {X, xq) such that the corre- 
sponding module T(£) carries a differential dg : T{£) T(£)[l\,dg = so that 
{T{£),ds) becomes a dg-module over the dg-algebra {0{X),dx) andde vanishes 
on £xo ■ 

Definition 5.1.3 Let A be a non-unital Aoo-algebra. A left A-module M is 
given by a dg-bundle E over the formal pointed dg-manifold X = Spc{T{A[l])) 
together with an isomorphism of vector bundles r{£) ~ 0{X)^M* called a 

trivialization of £. 

Passing to dual spaces we obtain the following algebraic definition. 

Definition 5.1.4 Let A be an A^c-algebra and M be a Z-graded vector space. 
A structure of a left A^a -module on M over A (or simply a structure of a left 
A-module on M) is given by a differential du of degree +1 on T{A[1]) ® M 
which makes it into a dg-comodule over the dg-coalgebra T{A[1]). 

The notion of right ^oo-module is similar. Right ^-module is the same as 

left j4°P-module. Here A°p is the opposite Aoo-algebra, which coincides with 
A as a Z-graded vector space, and for the higher multiplications one has: 
m'^{ai, ...,an) = (— l)"^"~-^^''^m„(a„, ai). The ^oo-algebra A carries the 
natural structures of the left and right A-modules. If we simply say "A-module" 
it will always mean "left A-module" . 

Taking the Taylor series of dM we obtain a collection of fc-linear maps (higher 
action morphisms) for any n > 1 

: A®("-^) (8) M ^ M[2 - n], 

satisfying the compatibility conditions which can be written in exactly the same 
form as compatibility conditions for the higher products (sec e.g. [Ke 1]). All 
those conditions can be derived from just one property that the cofree T4_(A[1])- 
comodule T+(A[1], M) = en>o-4.[l]®"'(8>M carries a derivation = (m^)„>o 
such that [m^,m^] = 0. In particular (M, mf^) is a complex of vector spaces. 

Definition 5.1.5 Let A be a weakly unital Aoo-algebra. An A-module M is 
called weakly unital if the cohomology H*{M,m^) is a unital H*{A)-module. 
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It is easy to sec that left ^oo-modulcs over A form a dg-category A — mod 
with morphisms being homomorphisms of the corresponding comodules. As a 
graded vector space 

HoniA^modiM, N) = ©„>o.Homyectf (^[1]®" <^ N). 

It easy to see that HomA-mod{M , N) is a complex. 

If M is a right ^-module and AT is a left ^-module then one has a naturally 
defined structure of a complex on M 0^ AT := ®n>oM N. The 

differential is given by the formula: 

d{x ai ... a„ y) = ^ ±mf^{x ai ... ai) Oj+i ... a„ y) + 

^ ±a; ai ... aj_i (oj ... ai+fe_i) aj+fe ... a„ y+ 

±a; ai ... Oj-i mf {at ... a„ y). 

We call this complex the derived tensor product of M and A'. 
For any Aoo-algebras A and B wc define an A — B-bimodule as a Z-graded 
vector space M together with linear maps 

<,n2 : ^[1]®"' M ^ M[l] 

satisfying the natural compatibility conditions (see e.g. [Kc 1]). li X and Y 
are formal pointed dg-manifolds corresponding to A and B respectively then 
an A — B-bimodule is the same as a dg-bundle £ over X equipped with a 
homological vector field ds which is a lift of the vector field rfx 1 + 1 c^y- 

Example 5.1.6 Let A = B = M . We define a structure of diagonal bimodule 
on A by setting c^^^„^ = m^^^^^^-^. 

Proposition 5.1.7 1) To have a structure of an Aoc-module on the complex 
M is the same as to have a homomorphism of A^o- algebras (j) : A End j^(M), 
where K is a category of complexes of k-vector spaces. 

2) To have a structure of an A — B -bimodule on a graded vector space M is 
the same as to have a structure of left A-module on M and to have a morphism 
of A^-algebras ipA,B ■ B°p HomA-mod{M, M). 

Let A be an Aoo-algebra, M be an A-module and fA,A '■ A°p HomA-mod{M, M) 
be the corresponding morphism of Aoo-algebras. Then the dg-algebra Centr{ip) 
is isomorphic to the dg-algebra HomA-mod{M, M). 

If M =A Mb is an a — B-bimodule and N =b Nc is a -B — C-bimodule then 
the complex aMb 0b bNc carries an A — C-bimodule structure. It is called 
the tensor product of M and A'^. 

Let / : A ^ y be a homomorphism of formal pointed dg-manifolds corre- 
sponding to a homomorphism of Aoc-algcbras A ^ B. Recall that in Section 
4 we constructed the formal neighborhood Uf of / in Maps{X,Y) and the 
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^oo-algcbra Centr(J). On the other hand, wc have an A — mod — B bimodule 
structure on B induced by /. Let us denote this bimodule by M{f). We leave 
the proof of the following result as an exercise to the reader. It will not be used 
in the paper. 

Proposition 5.1.8 IfB is weakly unital then the dg-algebra EndA-mod-B{M{f)) 
is quasi-isomorphic to Centr{f). 

^oo-bimodulcs will be used in Part II for study of homologically smooth 
^oo-algebras. In the subsequent paper devoted to Ago-categories wo will explain 
that bimodules give rise to -functors between the corresponding categories 
of modules. Tensor product of bimodules corresponds to the composition of 
^oo-functors. 

5.2 On the tensor product of Aoo-algebras 

The tensor product of two dg-algebras Ai and A2 is a dg-algebra. For ^00- 

algebras there is no canonical simple formula for the Aoo-structurc on Ai g)^ A2 
which generalizes the one in the dg-algebras case. Some complicated formulas 
were proposed in [SU] . They are not symmetric with respect to the permutation 
{Ai, A2) ^ {A2, Ai). Wc will give below the definition of the dg-algebra which 
is quasi-isomorphic to the one from [SU] in the case when both Ai and A2 are 
weakly unital. Namely, we define the ^00-tensor product 

Ai"0M2 = EndA,-rnod-A2{Al (E) A2). 

Notice that it is a unital dg-algcbra. One can show that the dg-category A — 
mod — B is equivalent (as a dg-category) to Ai " ® 'M2^ — mod. 

6 Yoneda lemma 

6.1 Explicit formulas for the product and differential on 

Centrif) 

Let A be an Aoo-algebra, and B = EndK{A) be the dg-algebra of endomor- 

phisms of A in the category K of complexes of fc-vcctor spaces. Let / = /a '■ 
A B he the natural Aoo-morphism coming from the left action of A on itself. 
Notice that B is always a unital dg-algebra, while A can be non-unital. The aim 
of this Section is to discuss the relationship between A and Centr{fA)- This 
is a simplest case of the ^00 -version of Yoneda lemma (the general case easily 
follows from this one. See also [Lyu],[LyuOv]). 

As a graded vector space Centr{fA) is isomorphic to nn>o Hom {A®'^'^^^\ A)[—n\. 

Let us describe the product in Centr{f) for / = Ja- Let 0, ip be two homo- 
geneous elements oi Centr{f). Then 

{(j) ■ tp){ai,a2, . . . , aat) = ±0(ai, . . . , ap-i,ip{ap, un))- 
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Here ijj acts on the last group of variables Op, . . . , ajv, and we use the Koszul 
sign convention for Aoo-algebras in order to determine the sign. 

Similarly one has the following formula for the differential (see Section 3.3): 

(#)(ai, . . . ,ajv) = ■ ■ ■ ,as,'mi{as+i, . . . , as+,), a^+i+i . . . ,ajv)+ 

^ ±mi(ai, . . . , tts-i, (t>{as, ...,aj, ajv)). 
6.2 Yoneda homomorphism 

If M is an j4 — B-bimodule then one has a homomorphism of Aoo-algebras 

B°P Centr{(t>A.M) (sec Propositions 5.1.7, 5.1.8). We would like to apply 
this general observation in the case of the diagonal bimodule structure on A. 
Explicitly, we have the Aoo-morphism A°p Endmod-A{A) or, equivalently, 
the collection of maps A®™ iJom(A®", A). By conjugation it gives us a 
collection of maps 

A^"" <^Hom{A®'',A) ^ Hom{A^^"'+"\A). 

In this way we get a natural Aoo-morphism Yo : A°p — > Centr{fA) called the 
Yoneda homomorphism. 

Proposition 6.2.1 The Aoo-algebra A is weakly unital if and only if the Yoneda 

homomorphism is a qua,si- isomorphism. 

Proof. Since Centr{fA) is weakly unital, then A must be weakly unital as 
long as Yoneda morphism is a quasi- isomorphism. 

Let us prove the opposite statement. We assume that A is weakly unital. 
It suffices to prove that the cone Ccme{Yo) of the Yoneda homomorphism has 
trivial cohomology. Thus we need to prove that the cone of the morphism of 
complexes 

{A°v,m,) ^ (©„>iJJom(A®",A),mf^"*''(/-*)). 

is contractible. In order to see this, one considers the extended complex A © 
C'entr{fA). It has natural filtration arising from the tensor powers of A. The 
corresponding spectral sequence collapses, which gives an explicit homotopy 
of the extended complex to the trivial one. This implies the desired quasi- 
isomorphism of H°{A°p) and H°{Centr{fA)). ■ 

Remark 6.2.2 It look like the construction of Centr{fA) is the first known 
canonical construction of a unital dg-algebra quasi-isomorphic to a given A^- 

algebra (canonical but not functorial). This is true even in the case of strictly 
unital Aoo-algebras. Standard construction via bar and cobar resolutions gives 
a non-unital dg-algebra. 
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Part II 

Smoothness and compactness 



7 Hochschild cochain and chain complexes of an 
Aoo-algebra 

7.1 Hochschild cochain complex 

We change the notation for the homological vector field to Q, since the letter d 
will be used for the differential.^ Let {{X,pt),Q) be a non-commutative formal 
pointed dg-manifold corresponding to a non-unital ^oo-algebra A, and Vect{X) 
the graded Lie algebra of vector fields on X (i.e. continuous derivations of 

OiX)). 

We denote by C* (A ^) := C*{X,X) := Vect{X)[-l] the Hochschild cochain 
complex of A. As a Z-graded vector space 

C'iA,A)=llHomc{A[lf'',A). 

n>0 

The differential on C'{A,A) is given by [Q,»]. Algebraically, C'{A,A)[1] is a 
DGLA of derivations of the coalgebra T(A[1]) (see Section 3). 

Theorem 7.1.1 Let X be a non-commutative formal pointed dg-manifold and 
C'{X,X) be the Hochschild cochain complex. Then one has the following quasi- 
isomorphism of complexes 

C'{X,X)[1] ~ Tia^{Maps{X,X)), 

where Tid^ denotes the tangent complex at the identity map. 

Proof. Notice that Maps{Spec{k[e]/{e'^ j) ® X,X) is the non-commutative dg 
ind- manifold of vector fields on X . The tangent space Tid^ from the theorem 
can be identified with the set of such / G Maps{Spec{k[e]/ (e'^)) ig) X,X) that 
f\{pt}is>x = idx- On the other hand the DGLA C*{X,X)[1] is the DGLA of 
vector fields on X. The theorem follows. ■ 

The Hochschild complex admits a couple of other interpretations. We leave 
to the reader to check the equivalence of all of them. First, C*{A,A) ~ 
Centr{idA)- Finally, for a weakly unital A one has C*{A, A) ~ H omA-mod- a{A, A). 
Both are quasi-isomorphisms of complexes. 

Remark 7.1.2 Interpretation of C*{A^A)[1\ as vector fields gives a DGLA 
structure on this space. It is a Lie algebra of the "commutative" formal group in 

^We recall that the super version of the notion of formal dg-manifold was introduced by 
A. Schwarz under the name "Q-manifold" . Here letter Q refers to the supercharge notation 
from Quantum Field Theory. 
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Vect^, which is an ahelianization of the non-commutative formal group of in- 
ner (in the sense of tensor categories) automorphisms Aut jX) C Maps{X,X). 
Because of this non- commutative structure underlying the Hochschild cochain 
complex, it is natural to expect that C*{A. A)[l] carries more structures than 
just DGLA. Indeed, Deligne's conjecture (see e.g. [KoSol] and the last sec- 
tion of this paper) claims that the DGLA algebra structure on C*{A,A)[1] can 
he extended, to a structure of an algebra over the operad of singular chains of 
the topological operad of little discs. Graded Lie algebra structure can be recov- 
ered from cells of highest dimension in the cell decomposition of the topological 
operad. 

7.2 Hochschild chain complex 

In this subsection we are going to construct a complex of fc- vector spaces which 
is dual to the Hochschild chain complex of a non-unital Aoo-algebra. 

7.2.1 Cyclic differential forms of order zero 

Let {X,pt) be a non-commutative formal pointed manifold over k, and 0{X) 
the algebra of functions on X. For simplicity we will assume that X is finite- 
dimensional, i.e. dinik TpfX < oo. If _B = Bx is a counital coalgebra cor- 
responding to X (coalgebra of distributions on X) then 0{X) ~ B* . Let us 
choose affine coordinates a;i, X2, Xn at the marked point pt. Then we have 
an isomorphism of 0{X) with the topological algebra k{{xi, ...,Xn)) of formal 
series in free graded variables xi, a;„. 

We define the space of cyclic differential degree zero forms on X as 

nlyjx)^o{x)/[o{x),o{x)]top, 

where [0{X),0{X)]top denotes the topological commutator (the closure of the 
algebraic commutator in the adic topology of the space of non-commutative 
formal power scries). 

Equivalently, we can start with the graded /e- vector space ^2°^^; duaii-^) 
fined as the kernel of the composition B — *■ B ^ B /\^ B (first map is the 
coproduct A : B ^ B (E) B, while the second one is the natural projection to 
the skew-symmetric tensors). Then ^cycii-^) — i^cyci,duaii-^))* (dual vector 
space). 

7.2.2 Higher order cyclic differential forms 

We start with the definition of the odd tangent bundle T[l]X. This is the dg- 
analog of the total space of the tangent supervector bundle with the changed 
parity of fibers. It is more convenient to describe this formal manifold in terms 
of algebras rather than coalgebras. Namely, the algebra of functions 0{T[1]X) 
is a unital topological algebra isomorphic to the algebra of formal power series 
k{{xi, dxi)), 1 < i <n, where deg dxi = deg Xi-\-l (we do not impose any com- 
mutativity relations between generators). More invariant description involves 
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the odd line. Namely, let ti := Spc{Bi), where (Bi)* = deg ^ = +1. 

Then we define T[1]X as the formal neighborhood in Maps{ti,X) of the point 
p which is the composition of pt with the trivial map of ti into the point Spc{k). 

Definition 7.2.1 a) The graded vector space 

o{T[i]x) = n'{x) = Yl ^""{X) 

m>a 

is called the space of de Rham differential forms on X . 
h) The graded space 

nl^Amx) = n ^Zciix) 

m>0 

is called the space of cyclic differential forms on X . 

In coordinate description the grading is given by the total number of dxi. 
Clearly each space f2"y^;(X),n > is dual to some vector space ^^yci duaii-^) 
equipped with athe discrete topology (since this is true for ilP{T[l]X)). 

The de Rham differential on rt*{X) corresponds to the vector field d/d^ (see 
description which uses the odd line, it is the same variable ^). Since i^^yci 
given by the natural (functorial) construction, the de Rham differential descends 
to the subspace of cyclic differential forms. We will denote the former by doR 
and the latter by dcyd- 

The space of cyclic 1-forms Q.^y^i(X) is a (topological) span of expressions 
XiX2---xi dxj,Xi G 0{X). Equivalently, the space of cyclic 1-forms consists of 
expressions Y.i<i<n M^^^ •••,a;„) dxi where /, e a;„)). 

There is a map (p : V,ly^i{X) 0{X)red '■= 0{X)/k, which is defined on 
ri^(X) by the formula adh [a, 6] (check that the induced map on the cyclic 
1-forms is well-defined) . This map does not have an analog in the commutative 
case.^ 

7.2.3 Non-commutative Cartan calculus 

Let X be a formal graded manifold over a field k. We denote hy g := gx the 
graded Lie algebra of continuous linear maps 0(T[1]X) 0{T[\]X) generated 
by de Rham differential d = ddR and contraction maps i^,^ G Vect{X) which 
are defined by the formulas i^{f) = 0,i^{df) = C(/) for all / G 0{T[1]X). Let 
us define the Lie derivative Lie^ = [d,i^] (graded commutator). Then one can 
easily checks the usual formulas of the Cartan calculus 

[d, d\ =0, Lie^ = [d, i^], [d, Lie^] = 0, 
[Lie^,in] = [Lie^,Lier] = Lie^^^^], = 0, 

^V.Ginzburg pointed out that the geometrie meaning of the map ip as a "contraction with 
double derivation" was suggested in Section 5.4 of [Gi3]. 
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for any Vect{X). 

By naturality, the graded Lie algebra gx acts on the space niy^i{X) as well 
as one the dual space i^lydi^))* ■ 

7.2.4 Differential on the Hochschild chain complex 

Let Q be a homological vector field on {X,pt). Then A = rptX[— 1] is a non- 
unital Aoo-algcbra. 

We define the dual Hochschild chain complex {Ct{A, A))* as flly^i{X)[2] 
with the differential LieQ. Our terminology is explained by the observation 
that ^^cj;c;("'^)[2] ^^^^ *° conventional Hochschild chain complex 

C,{A,A) = (Bn>o{A[l])^^®A. 

Notice that wc use the cohomological grading on C,{A,A), i.e. chains of 
degree n in conventional (homological) grading have degree —n in our grading. 
The differential has degree +1. 

In coordinates the isomorphism identifies an clement .... (E) Xi G 

with the homogeneous element fi{xi, Xn) dxi S ^\yci{^)- Here 
Xi € (^[1])*, 1 <i <n are affine coordinates. 

The graded Lie algebra Vect{X) of vector fields of all degrees acts on any 
functorially defined space, in particular, on all spaces 51^ (X), r2^^^;(X), etc. 

Then we have a differential on ^''^y^iX) given by 6 = LieQ of degree +1. There 
is an explicit formula for the differential h on C»{A, A) (cf. [T]): 

6(ao ® ... ® Un) = ^ ±ao (8) ... <8> mi{ai ... aj) (8 ... ^ an 

+ ^ ±mi{aj (8> ... a„ (8) ao ® ••• <^ ctj) ® ^i+i <^ ••• ^ Oj-i- 

It is convenient to depict a cyclic monomial ao . . . ^ fln in the following way. 
We draw a clockwise oriented circle with n+1 points labeled from to n such 
that one point is marked We assign the elements ao, «i, to the points with 
the corresponding labels, putting ao at the marked point. 
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Then wc can write 6 = &i + 62 where 61 is the sum (with appropriate signs) 
of the expressions depicted below: 



Similarly, 62 is the sum (with appropriate signs) of the expressions depicted 
below: 
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In both cases maps mi are applied to a consequitive cyclically ordered se- 
quence of elements of A assigned to the points on the top circle. The identity 
map is applied to the remaining elements. Marked point on the top circle is the 
position of the element of uq. Marked point on the bottom circle depicts the 
first tensor factor of the corresponding summand of b. In both cases we start 
cyclic count of tensor factors clockwise from the marked point. 

7.3 The case of strictly unital Aoo-algebras 

Let A be a strictly unital ^oo-algebra. There is a reduced Hochschild chain 
complex 

Cr'^iA, A) = ®r^>oA ® {{A/k ■ 

which is the quotient of C,{A,A). Similarly there is a reduced Hochschild 
cochain complex 

C:,M,A) = n Hom^iiA/k . l)[lf-,A), 

which is a subcomplex of the Hochschild cochain complex C*{A,A). 

Also, C,{A, A) carries also the "Connes's differential " B of degree —1 (called 
sometimes "de Rham differential") given by the formula (see [Co], [T]) 

B{ao (g) ... (g) a„) = ^ ±1 (g) aj (8> ... (g) a„ (g) ao ® ... O ai_i, = 0, + 6S = 0. 

i 

Here is a graphical description of B (it will receive an explanation in the section 
devoted to generalized Deligne's conjecture) 
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Let u be an independent variable of degree +2. It follows that for a strictly 
unital Aoo-algebra A one has a differential b + uB of degree +1 on the graded 
vector space C,{A, A)[[u]] which makes the latter into a complex called negative 
cyclic complex (see [Co], [T]). In fact b+uB is a differential on a smaller complex 
C,(j4, In the non- unital case one can use Cuntz-Quillen complex instead 

of a negative cyclic complex (see next subsection). 

7.4 Non-unital case: Cuntz-Quillen complex 

In this subsection we are going to present a formal dg- version of the mixed com- 
plex introduced by Cuntz and Quillen (sec [CQl]). In the previous subsection we 
introduced the Connes differential B in the case of strictly unital AoQ-algebras. 
In the non-unital case the construction has to be modified. Let X = A[l]form be 
the corresponding non-commutative formal pointed dg-manifold. The algebra 
of functions 0{X) ~ nn>o(^[-'^]'^")* ^ complex with the differential Lieq. 

Proposition 7.4.1 If A is weakly unital then all non-zero cohomology of the 

complex 0(X) are trivial, and H''^(0(X}) ~ k. 

Proof. Let us calculate the cohomology using the spectral sequence associated 
with the filtration nn>no (^[1]®")*- The term Ei of the spectral sequence 
is isomorphic to the complex nn>o((-^*(^[l]' with the differential 
induced by the multiplication on H*{A, mf-). By assumption H*{A, m^) is 
a unital algebra, hence all the cohomology groups vanish except of the zeroth 
one, which is isomorphic to k. This concludes the proof. ■. 

It follows from the above Proposition that the complex 0{X)/k is acyclic. 
We have the following two morphisms of complexes 

dcyci : {0{X)/k ■ l,LieQ) ^ {n^^iiX), Lieg) 
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and 

^ : {n\yjX),LieQ) ^ {0{X)/k ■ LLzeg). 

Here dcyd and if were introduced in the Section 7.2.2. We have: deg{dcyci) 
+1, deg{ip) = -1, dcyci oip = 0,(po dcyd = 0.. 

Let us consider a modified Hochschild chain complex 

cr'iAA) := {nl^,i{x)[2]r e {0{x)/k ■ ly 



with the differential 

_ f [LieQY ^* 

{LieQY 



b = 
Let 



B = ( ,^ ) be an endomorphism of C]^°'^{A,A) of degree —1. Then 

V "eye/ U / 

= 0. Let M be a formal variable of degree +2. We define modified negative 
cyclic, periodic cyclic and cyclic chain complexes such as follows 

CC-'™'"^(A) = {C:^"^{A, A)[[u]], b + uB), 
CP^od^^A) = (Cr°''(^,y4)((u)),6 + wB), 

CC:"°'^(A) = (CP™°'*(A)/CCr''"°''(A))[-2]. 

For unital dg-algcbras these complexes are quasi- isomorphic to the standard 

ones. If char k — and A is weakly unital then CC^'"^°'''{A) is quasi- isomorphic 
to the complex (fl'^y^i^X) , Lieq)* . Notice that the fc[[?i]]-modulc structure on 
the cohomology H*{(il.'^y^i{X), Lieq)*) is not visible from the definition. 

8 Homologically smooth and compact Aoo-algebras 

From now on we will assume that all Aoo-algebras are weakly unital unless we 
say otherwise. 

8.1 Homo logical smoothness 

Let A be an .AoQ-algebra over k and Ei^ ^2-, Eji be a sequence of .A- modules. 
Let us consider a sequence (i?<i)i<i<n of A-modules together with exact trian- 
gles 

Ei — *• E<i — *• Ei^i — » EiW], 

such that E<i = El. 

We will call S<„ an extension of the sequence Ei, ...,En. 

The reader also notices that the above definition can be given also for the 
category of A — A-bimodules. 
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Definition 8.1.1 1) A perfect A-module is the one which is quasi-isomorphic 
to a direct summand of an extension of a sequence of modules each of which is 
quasi-isomorphic to A[n],n G Z. 

2) A perfect A — A-bimodule is the one which is quasi-isom.orphic to a direct 
summand of an extension of a sequence consisting of bimodules each of which 
is quasi-isomorphic to {A ^ A)[n],n G Z. 

Perfect ^-modules form a full subcategory PerfA of the dg-category A— mod. 
Perfect A — A-bimodules form a full subcategory PerfA-mod-A of the category 
of A — A-bimodules.* 

Definition 8.1.2 We say that a,n A^-algehra A is homologically smooth if it 
is a perfect A — A-bimodule (equivalently, A is a perfect module OVCT the -^oo ~ 
algebra A"0"A°p;. 

Remark 8.1.3 An A — B-bimodule M gives rise to a dg-functor B — mod 
A — mod such that V i-^ M ^bV. The diagonal bimodule A corresponds to the 
identity functor IdA-mod '■ A — mod A — mod. The notion of homological 
smoothness can be generalized to the framework of A^o-categories. The corre- 
sponding notion of saturated Aao-category can be spelled out entirely in terms 
of the identity functor. 

Let us list few examples of homologically smooth Aoo-algebras. 

Example 8.1.4 a) Algebra of functions on a smooth affine scheme. 

b) A — k[xi, Xn]q, which is the algebra of polynomials in variables Xi, 1 < 
i < n subject to the relations XiXj = qij xjXi, where qij G k* satisfy the proper- 
ties qu = l,qijqji = 1. More generally, all quadratic Koszul algebras, which are 
deformations of polynomial algebras are homologically smooth. 

c) Algebras of regular functions on quantum groups (see (KorSoJ). 

d) Free algebras k{xi, ...,Xn). 

e) Finite- dimensional associative algebras of finite homological dimension. 

f) If X is a smooth scheme over k then the bounded derived category D^[Perf{X)) 
of the category of perfect complexes (it is equivalent to D^{Coh{X))) has a gen- 
erator P (see [BvB]). Then the dg-algebra A — End{P) (here we understand 
endomorphisms in the "derived sense", see [Ke 2]) is a homologically smooth 
algebra. 

Let us introduce an. A — A-bimodule A' = HomA-mod-A{A, A (g) A) (cf. 
[Gi2]). The structure of an A — A-bimodule is defined similarly to the case of 
associative algebras. 

Proposition 8.1.5 If A is homologically smooth then A' is a perfect A — A- 
bimodule. 

* Sometimes Perfj\ is called a thick triangulated subcategory of j4 — mod generated by 
A. Then it is denoted by (A). In the case of A — A-bimodules we have a thik triangulated 
subcategory generated by A, which is denoted by {A® A). 
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Proof. Wc observe that Homc-mod{C, C) is a dg-algebra for any v4oo-algcbra 
C. The Yoneda embedding C — > Homc-mod{C,C) is a quasi-isomorphism of 
^oo-algebras. Let us apply this observation to C = A ® A°p. Then using 
the Aoo-algcbra A" " A°p (sec Section 5.2) we obtain a quasi-isomorphism of 
A — A-bimodules HomA-mod-A{A (Si A, A ^ A) A ^ A. By assumption A 
is quasi-isomorphic (as an ^oo-bimodule) to a direct summand in an extension 
of a sequence {A ® for rii £ Z. Hence Hom,A-mod-A{A (E) A, A (g) A) is 

quasi-isomorphic to a direct summand in an extension of a sequence {A^A)[mi\ 
for rui gZ. The result follows. ■ 

Definition 8.1.6 The him,odule A' is called the inverse dualizing himodule. 

The terminology is explained by an observation that if ^ = End{P) where P 
is a generator of of Perf{X ) (see example 8f)) then the bimodule A: corresponds 
to the functor F F igi K^^[—dimX], where Kx is the canonical class of X.^ 

Remark 8.1.7 In [ToVa] the authors introduced a stronger notion offibrant dg- 
algebra. Informally it corresponds to "non- commutative homologically smooth 
affine schemes of finite type". In the compact case (see the next section) both 
notions are equivalent. 

8.2 Compact Aoo-algebras 

Definition 8.2.1 We say that an A^-algebra A is compact if the cohomology 
H'{A,rni) is finite- dimensional. 

Example 8.2.2 a) If dim k A < oo then A is compact. 

b) Let X/k be a proper scheme of finite type. According to [BvB] there exists 
a compact dg-algebra A such that PerfA is equivalent to D'^{Coh{X)) . 

c) IfYcXisa proper subscheme (possibly singular) of a smooth scheme 
X then the bounded derived category DyiPerflX)) of the category of perfect 
complexes on X , which are supported on Y has a generator P such that A = 
End{P) is compact. In general it is not homologically smooth for Y ^ X. More 
generally, one can replace X by a formal smooth scheme containing Y, e.g. by 
the formal neighborhood of Y in the amMent smooth scheme. In particular, for 
Y = {pt} C X = and the generator Oy of D^[Perf{X)) the corresponding 
graded algebra is isomorphic to fc(^}/(^^), where deg^ = 1. 

Proposition 8.2.3 If A is compact and homologically smooth then the Hochschild 
homology and cohomology of A are finite-dimensional. 

Proof, a) Let us start with Hochschild cohomology. We have an isomorphism of 
complexes C'{A,A) ~ HomA-mod-A{A, A). Since A is homologically smooth 
the latter complex is quasi-isomorphic to a direct summand of an extension 

^We thank to Amnon Yekuticli for pointing out that the inverse dualizing module was first 
mentioned in the paper by M. van den Bergh "Existence theorems for dualizing complexes 
over non-commutative graded and filtered rings", J. Algebra, 195:2, 1997, 662-679. 
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of the bimodulc HoniA-mod-A{A ® A,A(E) A). The latter complex is quasi- 
isomorphic to A(^A (see the proof of the Proposition 8.1.5). Since A is compact, 
the complex A<S) A has finite-dimensional cohomology. Therefore any perfect 
A — ^-bimodule enjoys the same property. We conclude that the Hochschild 
cohomology groups are finite-dimensional vector spaces. 

b) Let us consider the case of Hochschild homology. With any A — A- 
bimodule E we associate a complex of vector spaces = ffin>o^[l]'^" ® E (cf. 
[Gi2]). The differential on E^ is given by the same formulas as the Hochschild 
differential for C,{A,A) with the only change: we place an element e G E 
instead of an element of A at the marked vertex (see Section 7) . Taking E = A 
with the structure of the diagonal A— >l-bimodule we obtain A^ = C,(A, A). On 
the other hand, it is easy to see that the complex {A (g) A)^ is quasi- isomorphic 
to {A, mi), since {A (g) A)" is the quotient of the canonical free resolution (bar 
resolution) for A by a subcomplex A. The construction of E^ is functorial, hence 

is quasi-isomorphic to a direct summand of an extension (in the category of 
complexes) of a shift of (A® A)', because A is smooth. Since A^ = C,{A, A) we 
see that the Hochschild homology H, {A, A) is isomorphic to a direct summand 
of the cohomology of an extension of a sequence of fc-modules {A[ni],mi). Since 
the vector space H*{A,mi) is finite-dimensional the result follows. ■ 

Remark 8.2.4 For a homologically smooth compact A^-algebra A one has a 
quasi-isomorphism of complexes Ct{A,A) ~ HomA-mod-A{A' , A) Also, the 
complex HomA-mod-A{M' , N) is quasi-isomorphic to (M^a-ZV)" for two A— A- 
bimodules M, N, such that M is perfect. Here M' := HomA-mod-A{M, A(^A) 
Having this in mind one can offer a version of the above proof which uses the 
isomorphism 

HomA-mod-AiA'- , A) ~ HomA-mod-A{HomA-mod-AiA, A (g) A), A). 

Indeed, since A is homologically smooth the bimodule HomA-mod-Ai^i ^ 
A) is quasi-isomorphic to a direct summand P of an extension of a shift of 
HomA-mod-A{-^® A, A® A) ~ A® A. Similarly, HomA^mod-A{P, is quasi- 
isomorphic to a direct summand of an extension of a shift of HomA-mod-A{A® 
A, A® A) ^ A® A. Combining the above computations we see that the com,plex 
Ct{A,A) is quasi-isomorphic to a direct summand of an extension of a shift 
of the com,plex A® A. The latter has finite- dimensional cohomology, since A 
enjoys this property. 

Besides algebras of finite quivers there are two main sources of homologically 
smooth compact Z-graded Aoo-algebras. 

Example 8.2.5 a) Combining Examples 8.1.4f) and 8.2.2b) we see that the 
derived category D^{Coh{X)) is equivalent to the category PerfA for a homo- 
logically smooth compact A^o-algebra A. 

b) According to [Se] the derived category D^{F{X)) of the Fukaya category of 
a K3 surface X is equivalent to PerfA for a homologically smooth compact A^- 
algebra A. The latter is generated by Lagrangian spheres, which are vanishing 
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cycles at the critical points for a, fibration of X over CP . This result can be 
generalized to other Calabi- Yau manifolds. 

In Z/2-graded case examples of homologically smooth compact ^oo-algebras 
come from Landau-Ginzburg categories (sec [Or], [R]) and from Fukaya cate- 
gories for Fano varieties. 

Remark 8.2.6 Formal deformation theory of smooth compact Aoo-algebras gives 

a finite- dimensional formal pointed (commutative) dg-manifold. The global mod- 
uli stack can be constructed using methods of [ToVa]). It can be thought of as a 
moduli stack of non- commutative smooth proper varieties. 



9 Degeneration Hodge-to-de Rham 
9.1 Main conjecture 

Let us assume that char k = and A is a weakly unital Aoo-algebra, which can 
be Z-gradcd or Z/2-gradcd. 

For any n > wc define the truncated modified negative cyclic complex 
C^'"^'''"'\a, A) = Cl^'"^{A,A) (g) where deg u = +2. It is a complex 

with the differential h+uB. Its cohomology will be denoted by H* {CT°'^''^^\a, A)) 

Definition 9.1.1 We say that an Aao-algebra A satisfies the degeneration prop- 
erty if for any n>l one has: H* {CT°'''''^^\a, A)) is a flat k,[u\/ {u"')-module. 

Conjecture 9.1.2 (Degeneration Hodge-to-de Rham). Let Abe a weakly unital 
compact homologically smooth A^-algebra. Then it satisfies the degeneration 

property. 

We will call the above statement the degeneration conjecture. 

Corollary 9.1.3 // the A satisfies the degeneration property then the negative 
cyclic homology coincides with lim H* {CT°'^''^"'\a, A)) , and it is a flat /c[[m]]- 
module. 

Remark 9.1.4 One can speak about degeneration property (modulo u") for 

Aoo-algebras which are flat over unital commutative k-algebras. For example, 
let R be an Artinian local k-algebra with the maximal ideal m, and A be a flat 
R-algebra such that A/m is weakly unital, homologically smooth and compact. 
Then, assuming the degeneration property for A/m,, one can easily see that it 
holds for A as well. In particular, the Hochschild homology of A gives rise to a 
vector bundle over Spec{R) x A^q^^[— 2]. 

Assuming the degeneration property for A we see that there is a Z-graded 
vector bundle over Ajpj,^[— 2] = Spf{k[[u]]) with the space of sections iso- 
morphic to 

limi?'(Cr°'^'^"^(A^)) = HC^'"'°'^{A), 

n 
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which is the negative cycUc homology of A. The fiber of at u = is isomorphic 
to the Hochschild homology A) := H,{C,{A,A)). 

Notice that Z-graded fc((u))-module HP^'"^{A) of periodic cyclic homology 
can be described in terms of just one Z/2-gradcd vector space HP™°^{A) © 
IlHP^f{A), where HP^°^{A) (resp. HP^^fi^)) consists of elements of de- 
gree zero (resp. degree +1) of HP™'"^{A) and 11 is the functor of changing 
the parity. We can interpret m terms of (Z/2-graded) supcrgcomctry as a 
Gm-equivariant supervector bundle over the even formal line Aj^^^^^. The struc- 
ture of a Gm-equivariant supervector bundle is equivalent to a filtration F 
(called Hodge filtration) by even numbers on H P™°^{A) and by odd numbers 
on HP^2'^{A). The associated Z-graded vector space coincides with H,{A, A). 

We can say few words in support of the degeneration conjecture. One is, 
of course, the classical Hodge-to-dc Rham degeneration theorem (see Section 
9.2 below). It is an interesting question to express the classical Hodge theory 
algebraically, in terms of a generator £ of the derived category of coherent 
sheaves and the corresponding Aoo-algcbra A = RHom{£, £). The degeneration 
conjecture also trivially holds for algebras of finite quivers without relations. 

In classical algebraic geometry there are basically two approaches to the 
proof of degeneration conjecture. One is analytic and uses Kahler metric, Hodge 
decomposition, etc. Another one is pure algebraic and uses the technique of re- 
duction to finite characteristic (see [DI]). Recently Kaledin (see [Kal]) suggested 
a proof of a version of the degeneration conjecture based on the reduction to 
finite characterstic. 

Below we will formulate a conjecture which could lead to the definition of 
crystalline cohomology for Aoo-algcbras. Notice that one can define homologi- 
cally smooth and compact Aoo-algebras over any commutative ring, in particu- 
lar, over the ring of integers Z. We assume that A is a flat Z-module. 

Conjecture 9.1.5 Suppose that A is a weakly unital Aoo-algehra over Z, such 

that it is homologically smooth (but not necessarily compact). Truncated neg- 
ative cyclic complexes {C,{A,A) ig) Z[[u,p]]/{u"- ,p"^),b + uB) and {C,{A,A) ® 
Z[[u,p]]/(u",p™), h — puB) are quasi-isomorphic for all n, m > 1 and all prime 
numbers p. 

If, in addition, A is compact then the homology of either of the above com- 
plexes is a flat module over Z[[u,p]]/(u",p'"). 

If the above conjecture is true then the degeneration conjecture,probably, can 
be deduced along the lines of [DI]. One can also make some conjectures about 
Hochschild complex of an arbitrary Aoo-algebra, not assuming that it is compact 
or homologically smooth. More precisely, let ^ be a unital ^oo-algebra over the 
ring of p-adic numbers Zp. We assume that A is topologically free Zp-module. 
Let Aq = A (g)Zp Z/p be the reduction modulo p. Then we have the Hochschild 
complex {C,{Ao, Ao),b) and the Z/2-graded complex {C,{Ao, Ao),b-\- B). 

Conjecture 9.1.6 For any i there is natural isomorphism ofZ/2-graded vector 
spaces over the field Z/p: 

H'{C.{Ao,Ao),b)^H*{C,{Ao,Ao),b + B). 
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There are similar isomorphisms for weakly unital and non-unital Aoo-algehras, 
if one replaces C,{Aq,Aq) by C^°'^{Aq,Aq). Also one has similar isomorphisms 
for 7i/2-graded A^-algebras. 

The last conjecture presumably gives an isomorphism used in [DI] , but does 
not imply the degeneration conjecture. 

Remark 9.1.7 As we will explain elsewhere there are similar conjectures for 

saturated A^c- categories (recall that they are generalizations of homologically 
smooth compact A^o- algebras). This observation supports the idea of intro- 
ducing the category NCMot of non- commutative pure motives. Objects of the 
latter will be saturated A^o- categories over a field, and Homj^cMot{Ci,C2) = 
Ko(Funct{Ci,C2))^Q/equiv where Kq means the Ko-group of the Aoo-category 
of functors and equiv means numerical equivalence (i.e. the quivalence relation 
generated by the kernel of the Euler form {E,F) := x{RHom{E, F)), where 
X is the Euler characteristic). The above category is worth of consideration 
and will be discussed elsewhere (see [Ko4]). In particular, one can formulate 
non- commutative analogs of Weil and Beilinson conjectures for the category 
NCMot. 

9.2 Relationship with the classical Hodge theory 

Let X be a quasi-projective scheme of finite type over a field k of characteristic 
zero. Then the category Perf{X) of perfect sheaves on X is equivalent to 
H^{A—mod), where A— mod is the category of Aoo-modules over a dg-algcbra A. 
Let us recall a construction of A. Consider a complex E of vector bundles which 
generates the bounded derived category D''{Perf{X)) (see [BvB]). Then A is 
quasi-isomorphic to RHom{E,E). More explicitly, let us fix an afSne covering 
X = UiUi. Then the complex A := ©jo,j^_..._i^r()7i(, n ... n f/i„, i?* n = 
dimX computes RHom{E, E) and carries a structure of dg-algcbra. Different 
choices of A give rise to equivalent categories H^{A — mod) (derived Morita 
equivalence) . 

Properties of X are encoded in the properties of A. In particular: 

a) X is smooth iff A is homologically smooth; 

b) X is compact iff A is compact. 
Moreover, if X is smooth then 

H'{A,A) ~ Ext%^coKx^x)){OA,0^) ^ 

®^^^^oW{X,^^Tx)[-{i+j)]] 

where Oa is the structure sheaf of the diagonal A c X x X. 
Similarly 

H,{A, A) ~ ©,,,>oi?^(X, h'T*x)[j - i]. 

The RHS of the last formula is the Hodge cohomology of X. One can con- 
sider the hypercohomology H*(X, n3c[[w]]/w"fi3(:[M]) equipped with the dif- 
ferential uddR. Then the classical Hodge theory ensures degeneration of the 
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corresponding spectral sequence, which means that the hypcrcohomology is a 
flat A;[M]/(u")-module for any n > 1. Usual de Rham cohomology H*j^{X) is 
isomorphic to the generic fiber of the corresponding flat vector bundle over the 
formal line Aj:^^^[—2], while the fiber at u = is isomorphic to the Hodge 
cohomology H^^^^^^X) = (Bij>oH^{X, A^T^)\j — i]. In order to make a con- 
nection with the "abstract" theory of the previous subsection we remark that 
H*j^{X) is isomorphic to the periodic cyclic homology HP,{A) while H,{A,A) 
is isomorphic to i?Hodse(^)- 

10 ^oo-algebras with scalar product 
10.1 Main definitions 

Let {X,pt, Q) be a finite-dimensional formal pointed dg-manifold over a field k 

of characteristic zero. 

Definition 10.1.1 A symplectic structure of degree N G 7i on X is given by a 
cyclic closed 2-form u of degree N such that its restriction to the tangent space 
TptX is non-degenerate. 

One has the following non-commutative analog of the Darboux lemma. 

Proposition 10.1.2 Symplectic form w has constant coefficients in some affine 
coordinates at the point pt. 

Proof. Let us choose an affine structure at the marked point and write down 

(jj = u}()+uji+uj2 + ...., where uji = j Cij{x)dxi®dxj and Cij{x) is homogeneous 
of degree I (in particular, has constant coefficients). Next we observe that 
the following lemma holds. 

Lemma 10.1.3 Let u) = ojQ + r, where r = ui + ui+i + ...,l > 1. Then there 
is a change of affine coordinates Xi Xi + 0(a;'+^) which transforms w into 
too +L01+1 + .... 

Lemma implies the Proposition, since we can make an infinite product of 
the above changes of variables (it is a well-defined infinite series) . The resulting 
automorphism of the formal neighborhood of xq transforms u) into cJo- 

Proof of the lemma. We have dcyd^^j = for all j > I (see Section 7.2.2 
for the notation). The change of variables is determined by a vector field v = 
{vi, ...,Vn) such that v{xq) = 0. Namely, 1 < i < n. Moreover, we 

will be looking for a vector field such that Vi = 0{x^~^^) for all i. 

We have Lie^(w) = d{ivUJo) + dii^r). Since divi = we have loi = dai-^i for 
some form a;+i = 0(a;'+^) in the obvious notation (formal Poincare lemma). 
Therefore in order to kill the term with uji we need to solve the equation 
dai-i-i = d(iyOJo). It suffices to solve the equation ai+i = iyOJo- Since wq 
is non-degenerate, there exists a unique vector field v = 0{x^~^^) solving last 
equation. This proves the lemma. ■ 
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Definition 10.1.4 Let {X,pt,Q,Lu) be a non-commutative formal pointed sym- 
plectic dg-manifold. A scalar product of degree N on the Aoo-algehra A = 
TptX[—l] is given by a choice of affine coordinates atpt such that the lv becomes 
constant and gives rise to a non-degenerate bilinear form A A — > k[—N]. 

Remark 10.1.5 Notice that since Lieg^Lu) = there exists a cyclic function 
S G ^cycii-^) ^^"-^ ^Q^ = "'"'^ {5*, 5} = (here the Poisson bracket 
corresponds to the sym.plectic form lo). It follows that the deformation theory of 
a non-unital A^o-algebra A with the scalar product is controlled by the DGLA 
^cycii-^) equipped with the differential {S,»}. 

We can restate the above definition in algebraic terms. Let A be a finite- 
dimensional ^oo-algebra, which carries a non-degenerate symmetric bilinear 
form (, ) of degree N. This means that for any two elements a,b G A such 
that degia) + deg{b) = N we are given a number (a, b) € k such that: 

1) for any collection of elements ai, a„+i S A the expression (mn(ai, a„), a„+i) 
is cyclically symmetric in the graded sense (i.e. it satisfies the Koszul rule of 
signs with respect to the cyclic permutation of arguments); 

2) bilinear form (•, •) is non-degenerate. 

In this case we will say that A is an A^-algebra with the scalar product of 
degree A''. 

10.2 Calabi-Yau structure 

The above definition requires A to be finite-dimensional. We can relax this con- 
dition requesting that A is compact. As a rcsiilt we will arrive to a homological 
version of the notion of scalar product. More precisely, assume that A is weakly 
unital compact yloo-algebra. Let CC^'"^{A) = {CC^'"^iA, A)[u-^],b + uB) be 
the cyclic complex of A. Let us choose a cohomology class [ip] G H*{CC™°'^{A))* 
of degree A^. Since the complex {A, mi) is a subcomplex of C^°'^{A,A) c 
CC]^'"^{A) we see that [cp] defines a linear functional Tr[^] : H'{A) k[-N]. 

Definition 10.2.1 We say that [ip] is homologically non- degenerate if the bilin- 
ear form of degree N on H*{A) given by {a,b) i— > rr[^](a6) is non-degenerate. 

Notice that the above bilinear form defines a symmetric scalar product of 
degree A'' on H*{A) . 

Theorem 10.2.2 For a weakly unital compact Aoc-algebra A a homologically 
non- degenerate cohomology class [tp] gives rise to a class of isomorphisms of 
non-degenerate scalar products on a minimal model of A. 

Proof. Since chark = the complex {CC™°'^{A))* is quasi-isomorphic to 
ii^%AX)/k,LieQ). 

Lemma 10.2.3 Complex {Sl^y^i{X) , Lieg) is quasi-isomorphic to the complex 
in%AX)/k,LieQ).'^ 
^"See also Proposition 5.5.1 from [Gi3]. 
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Proof. Notice that as a complex Lieq) is isomorphic to the com- 

plex ^lyciiX) / dcyci ^lycii^)- The latter is quasi-isomorphic to [0{X), 0{X)]top 
via adb i-^ [a, b] (recall that [OC-'^), 0{X)]top denotes the topological closure of 
the commutator). 

By definition ^%,i{X) ^ 0{X)/[0{X),0{X)]top. We know that 0{X)/k 
is acyclic, hence ^^y^i{X)/k is quasi-isomorphic to [0{X),0{X)]top. Hence the 
complex {Sl^y^i{X),LieQ) is quasi-isomorphic to {fl^y^i{X) / k , Lieq) . ■ 

As a corollary we obtain an isomorphism of cohomology groups H* (f^^^^j; i^)) — 
H*{nly^i{X)/k). Having a non-degenerate cohomology class [ip] G H*{CC^°'^{A))* ~ 

H*{i^^'yl^i{X),LieQ) as above, we can choose its representative w € ^lycii-^)' 
Liegui = 0. Let us consider w(.to). It can be described pure algebraically such as 
follows. Notice that there is a natural projection i7*(r2"j^^;(X)/fc) {A/[A,A])* 
which corresponds to the taking the first Taylor coefficient of the cyclic function. 
Then the above evaluation u){xo) is the image of ip{xo) under the natural map 
(A/[v4, ^])* — » {Sym'^{A))* which assigns to a linear functional I the bilinear 
form I (ah). 

We claim that the total map H* {nl:^'j{X)) {Sym'^{A))* is the same 
as the evaluation at xa of the closed cyclic 2-form. Equivalently, we claim 
that Lo{xo){a,b) = Tr^{ab). Indeed, if / S ^^y^i{X)/k is the cyclic function 
corresponding to u) then we can write / = J^i (iiXi+0{x'^). Therefore LieQ{f ) = 
^i^i [xi^Xj\+0{x^), where C;-' are structure constants of 0{X). Dualizing 
we obtain the claim. 

Proposition 10.2.4 Let loi and (jJ2 be two syniplectic structures on the finite- 
dimensional formal pointed minimal dg-manifold {X,pt,Q) such that [uji] — [UJ2] 
in the cohomology of the complex {^^^^^{X), Lieq) consisting of closed cyclic 2- 
forms. Then there exists a change of coordinates at xq preserving Q which 
transforms ui into U2 ■ 

Corollary 10.2.5 Let {X,pt,Q) be a (possibly infinite- dimensional) formal pointed 
dg-manifold endowed with a (possibly degenerate) closed cyclic 2-form uj. As- 
sume that the tangent cohomology H^{TptX) is finite- dimensional andui induces 
a non-degenerate pairing on it. Then on the minim,al m,odel of {X,pt,Q) we 
have a canonical isomorphism class of symplectic forms modulo the action of 
the group Aut{X,pt,Q). 

Proof. Let M be a (finite-dimensional) minimal model of A. Choosing a 
cohomology class [cp] as above we obtain a non-degenerate bilinear form on M, 
which is the restriction u!{xo) of a representative uj £ f2^''^'(X). By construction 
this scalar product depends on co. We would like to show that in fact it depends 
on the cohomology class of w, i.e. on ip only. This is the corollary of the following 
result. 

Lemma 10.2.6 Let oji = uj + LieQ{da). Then there exists a vector field v such 
that v{xo) = 0, \p, Q] = and Liev{u) = LitQida). 
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Proof. As in the proof of Darboux lemma we need to find a vector field v, 
satisfying the condition diy{u)) = LieQ(da). Let /3 = LieQ{a). Then dP = 
dLieQ{a) = 0. Since co is non-degenerate we can find v satisfying the conditions 
of the Proposition and such that di-^{uj) = LieQ{da). Using this v we can 
change affine coordinates transforming uj + LieQ{da) back to oj. This concludes 
the proof of the Proposition and the Theorem. ■ 

Presumably the above construction is equivalent to the one given in [Kaj]. 
We will sometimes call the cohomology class [(p] a Calabi- Yau structure on A 
(or on the corresponding non-commutative formal pointed dg-manifold X). The 
following example illustrates the relation to geometry. 

Example 10.2.7 Let X he a com,plex C'alabi-Yau manifold of dimension n. 
Then it carries a nowhere vanishing holomorphic n-form vol. Let us fix a holo- 
morphic vector bundle E and consider a dg-algebra A = Q,'^'*{X,End{E)) of 
Dolbeault {Q,p)-forms with values in End(E). This dg-algebra carries a linear 
functional ai-^ J-^ Tr{a) Avol. One can check that this is a cyclic cocycle which 
defines a non-degenerate pairing on H* {A) in the way described above. 

There is another approach to Calabi- Yau structures in the case when A 
is homologically smooth. Namely, we say that A carries a Calabi- Yau struc- 
ture of dimension if ^' ~ -^[N] (recall that A' is the A — A-bimodule 
HomA-mod-A{-^,A <H) A) introduced in Section 8.1. Then we expect the fol- 
lowing conjecture to be true. 

Conjecture 10.2.8 Lf A is a homologically smooth com,pact finite- dimensional 
Aoo-algebra then the existence of a non- degenerate cohomology class [ip] of degree 
dim A is equivalent to the condition A'- ~ A[rfim A]. 

If A is the dg-algebra of endomorphisms of a generator of D^{Coh{X j) {X 
is Calabi- Yau) then the above conjecture holds trivially. 

Finally, we would like to illustrate the relationship of the non-commutative 
symplectic geometry discussed above with the commutative symplectic geom- 
etry of certain spaces of representations More genc^rally we would like to 
associate with X = Spc{T{A[l])) a collection of formal algebraic varieties, 
so that some "non-commutative" geometric structure on X becomes a collec- 
tion of compatible "commutative" structures on formal manifolds Ai{X,n) := 
RepQ{0{X), Matn{k)), where Matn(k) is the associative algebra of n x n ma- 
trices over k, 0{X) is the algebra of functions on X and RepQ{...) means the 
formal completion at the trivial representation. In other words, we would like 
to define a collection of compatible geometric structure on "Afat„(A:)-points" of 
the formal manifold X. In the case of symplectic structure this philosophy is 
illustrated by the following result. 

Theorem 10.2.9 Let X be a non-commutative formal symplectic manifold in 
Vectj.. Then it defines a collection of symplectic structures on all manifolds 
M{X,n),n> 1. 

^^It goes back to [Ko2], and since that time has been discussed in many papers, see e.g. 
[Gi2]. 
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Proof. Let 0{X) = A, 0{Ai{X, n)) = B. Then we can choose isomorphisms 
A ~ k{{xi, ...,Xm)) and B ~ {{x"'^ , ...,x!^^)), where 1 < a,/3 < n. To any 
aGAwe can assign a e -B (g) Matn{k) such that: 

where e^/j is the n x n matrix with the only non-trivial element equal to 1 on the 

intersection of a-th line and /3-th column. The above formulas define an algebra 
homomorphism. Composing it with the map ids ® TrMat„{k) we get a linear 
map Ocyci{X) — > 0{Ai{X,n)). Indeed the closure of the commutator [A,A\ 
is mapped to zero. Similarly, we have a morphism of complexes ^cydi^) ~^ 
n*{M{X,n)), such that 

dxi i-» dx"'^ea,i3- 

Clearly, continuous derivations of A (i.e. vector fields on X) give rise to the 
vector fields on M{X,n). 

Finally, one can see that a non-degenerate cyclic 2-form u is mapped to the 
tensor product of a non-dcgcncratc 2-form on A4 {X, n) and a nondegcnerate 
2-form Tr{XY) on Matn{k). Therefore a symplectic form on X gives rise to a 
symplectic form on A4{X, n),n > 1. ■ 

11 Hochschild complexes as algebras over oper- 
ads and PROPs 

Let A be a strictly unital -algebra over a field k of characteristic zero. In 
this section we are going to describe a colored dg-opcrad P such that the pair 
{C*{A, A), C,{A, A)) is an algebra over this operad. More precisely, we are going 
to describe Z-graded fc- vector spaces A{n, m) and B{n, m), n,m > which are 
components of the colored operad such that B{n, m) ^ for m = 1 only and 
^(n, m) ^ for TO = only together with the colored operad structure and the 
action 

a) A(n,0) ® (C*(A, A))®" ^ C*(A, A), 

b) B{n,\)®{C\A,A))®'' ®C,<yA,A)^C,{A,A). 

Then, assuming that A carries a non-degenerate scalar product, we are going 
to describe a PROP R associated with moduli spaces of Riemannian surfaces 
and a structure of i?-algebra on C,(A, A). 

11.1 Configuration spaces of discs 

We start with the spaces 0). They are chain complexes. The complex 
A(n,0) coincides with the complex M„ of the minimal operad M — (M„)„>o 
described in [KoSol], Section 5. Without going into details which can be found 
in loc. cit. we recall main facts about the operad M. A basis of M„ as a 
fc-vector space is formed by n-labeled planar trees (such trees have internal 



43 



vertices labeled by the set {1, n} as well as other internal vertices which are 
non-labeled and each has the valency at least 3). 
We can depict n-labeled trees such as follows 



• root 



• root 



t f 



® 



• root 




Labeled vertices are depicted as circles with numbers inscribed, non-labeled 
vertices are depicted as black vertices. In this way we obtain a graded operad 
M with the total degree of the basis element corresponding to a tree T equal to 



deg{T) 



E (1-1^1)+ E (3-1^1) 



where ViabiT) and VnoniiT) denote the sets of labeled and non-labeled vertices 
respectively , and \v\ is the valency of the vertex v, i.e. the cardinality of the 
set of edges attached to v. 

The notion of an angle between two edges incoming in a vertex is illustrated 
in the following figure (angles are marked by asteriscs). 



root 
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Operadic composition and the differential arc described in [KoSof], sections 
5.2, 5.3. We borrow from tfiere the foUowing figure which illustrates the operadic 
composition of generators corresponding to labeled trees Ti and T2. 



• root • root 




• root • root • root 




• root • root • root 




Informally speaking, the operadic gluing of T2 to Ti at an internal vertex v 
of Ti is obtained by: 

a) Removing from Ti the vertex v together with all incoming edges and 
vertices. 

b) Gluing T2 to v (with the root vertex removed from T2). Then 

c) Inserting removed vertices and edges of Ti in all angles between incoming 
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edges to the new vertex Vnew ■ 

d) Taking the sum (with appropriate signs) over all possible inserting of 
edges in c). 

The differential cIm is a sum of the "local" differentials dy, where v runs 
through the set of all internal vertices. Each dy inserts a new edge into the set 
of edges attached to v. The following figure borrowed from [KoSol] illustrates 
the difference between labeled (white) and non-labeled (black) vertices. 




In this way we make M into a dg-operad. It was proved in [KoSol], that 

M is quasi-isomorphic to the dg-operad Chains{FM2) of singular chains on 
the Fulton-Macpherson operad FM2. The latter consists of the compactified 
moduli spaces of configurations of points in (see e.g. [KoSol], Section 7.2 
for a description). It was also proved in [KoSol] that C*(A, A) is an algebra over 
the operad M (Deligne's conjecture follows from this fact). The operad FM2 is 
homotopy equivalent to the famous operad C2 = (C2(n))„>o of 2-dimensional 
discs (little disc operad). Thus C'{A,A) is an algebra (in the homotopy sense) 
over the operad Chains{C2)- 

11.2 Configurations of points on the cylinder 

Let E = 5^ X [0, 1] denotes the standard cylinder. 

Let us denote by S{n) the set of isotopy classes of the following graphs 
r C S: 

a) every graph F is a forest (i.e. disjoint union of finitely many trees F = 

UiTi); 

b) the set of vertices V{T) is decomposed into the union Vtm^Viab^Vnoni^Vi 
of four sets with the following properties: 

bl) the set Vgs is the union {in} U {out} U Vgut of three sets of points which 
belong to the boundary dY, of the cylinder. The set {in} consists of one marked 
point which belongs to the boundary circle 5^ x {1} while the set {out} consists 
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of one marked point which belongs to the boundary circle x {0}. The set Vout 
consists of a finitely many unlableled points on the boundary circle x {0}; 
b2) the set Viab consists of n labeled points which belong to the surface 

X (0, 1) of the cylinder; 

b3) the set Vnoni consists of a finitely many non-labeled points which belong 
to the surface x (0, 1) of the cylinder; 

b4) the set Vi is cither empty or consists of only one element denoted by 
1 G X (0, 1) and called special vertex; 

c) the following conditions on the valencies of vertices are imposed: 
cl) the valency of the vertex out is less or equal than 1; 

c2) the valency of each vertex from the set Vgj: \ Vout is equal to 1; 
c3) the valency of each vertex from Viab is at least 1; 
c4) the valency of each vertex from Vnoni is at least 3; 

Ic5) if the set Vi is non-empty then the valency of the special vertex is equal 
to 1. In this case the only outcoming edge connects 1 with the vertex out. 

d) Every tree Ti from the forest F has its root vertex in the set Vas- 

e) We orient each tree Ti down to its root vertex. 




Remark 11.2.1 Let us consider the configuration space Xn,n > which con- 
sists of (modulo C* -dilation) equivalence classes of n points on CP^ \ {0,oo} 
together with two direction lines at the tangent spaces at the points and oo. 
One-point compactification Xn admits a cell decomposition with cells ( except of 
the point Xn \ Xn) parametrized by elements of the set S{n) . This can be proved 
with the help of Strebel differentials (cf. [KoSol], Section 5.5). 

Previous remark is related to the following description of the sets S{n) (it 
will be used later in the paper). Let us contract both circles of the boundary dT, 
into points. In this way we obtain a tree on the sphere. Points become vertices 
of the tree and lines outcoming from the points become edges. There are two 
vertices marked by in and out (placed at the north and south poles respectively). 
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We orient the tree towards to the vertex out. An additional structure consists 
of: 

a) Marked edge outcoming from in (it corresponds to the edge outcoming 
from in). 

b) Either a marked edge incoming to out (there was an edge incoming to 
out which connected it with a vertex not marked by 1) or an angle between two 
edges incoming to out (all edges which have one of the cndpoint vertices on the 
bottom circle become after contracting it to a point the edges incoming to out, 
and if there was an edge connecting a point marked by 1 with out, we mark the 
angle between edges containing this line). 

The reader notices that the star of the vertex out can be identified with a 
regular fc-gon, where k is the number of incoming to out edges. For this fc-gon 
we have cither a marked point on an edge (case a) above) or a marked angle 
with the vertex in out (case b) above). 

11.3 Generalization of Deligne's conjecture 

The definition of the opcradic space B{n, 1) will be clear from the description of 
its action on the Hochschild chain complex. The space B(n, 1) will have a basis 
parametrized by elements of the set S{n) described in the previous subsection. 
Let us describe the action of a generator of B{n, 1) on a pair (71 (g) ... (g) 7„, /3), 
where 71 (g) ... ® 7„ £ C'{A. A)®" and /3 = Oq » ai ... ® a, £ Ci{A, A). We 
attach elements a^, ai, ai to points on S™, in a cyclic order, such that Oq 
is attached to the point in. We attach 7^ to the ith numbered point on the 
surface of S^. Then we draw disjoint continuous segments (in all possible ways, 
considering pictures up to an isotopy) starting from each point marked by some 
element ai and oriented downstairs, with the requirements a)-c) as above, with 
the only modification that we allow an arbitrary number of points on x {!}. 
We attach higher multiplications nij to all non-numbered vertices, so that j 
is equal to the incoming valency of the vertex. Reading from the top to the 
bottom and composing 7j and mj we obtain (on the bottom circle) an element 
60 (g ... g) 6m e C, {A, A) with bo attached to the vertex out. If the special vertex 
1 is present then we set bo = 1. This gives the desired action. 
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Composition of the operations in B{n, 1) corresponds to the gluing of the 
cylinders such that the point out of the top cylinder is identified with the point 
in of the bottom cylinder. If after the gluing there is a line from the point 
marked 1 on the top cylinder which does not end at the point out of the bottom 
cylinder, we will declare such a composition to be equal to zero. 

Let us now consider a topological colored operad Cf"' = (Cf°'(n, m))„^m>o 
with two colors such that C2°\n, m) 7^ only if m = 0, 1, and 

a) In the case m = it is the little disc operad. 

b) In the case m = 1 ^^^'(n, 1) is the moduH space (modulo rotations) of the 
configurations of n > 1 discs on the cyliner x [0, /i] ft- > 0, and two marked 
points on the boundary of the cylinder. We also add the degenerate circle of 
configurations n = 0, ft = 0. The topological space C2°'(n, 1) is homotopically 
equivalent to the configuration space X„ described in the previous subsection. 

Let Chains{C2°^) be the colored operad of singular chains on C^"'. Then, 
similarly to [KoSol], Section 7, one proves (using the explicit action of the 
colored operad P = {A{n,m),B{n,m))n,m>o described above) the following 
result. 

Theorem 11.3.1 Let A be a unital Aac-algebra. Then the pair {C'{A, A).C,{A, A)) 
is an algebra over the colored operad Chains{C2°^) (which is quasi-isomorphic to 
P ) such that for h = 0,n = and coinciding points in = out, the corresponding 
operation is the identity. 

Remark 11.3.2 The above Theorem generalizes Deligne's conjecture (see e.g. 
[KoSol]). It is related to the abstract calculus associated with A (see [T], [TaT]). 
The reader also notices that for ft = 0, n = we have the moduli space of two 
points on the circle. It is homeomorphic to . Thus we have an action of 
on C,{A,A). This action gives rise to the Connes differential B. 

Similarly to the case of little disc operad, one can prove the following result. 
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Proposition 11.3.3 The colored operad €2"^ is formal, i.e. it is quasi-isomorphic 

to its homology colored operad. 

If A is non-unital we can consider the direct sum Ai = A(Bk and make it into 
a unital ^00-algebra. The reduced Hochschild chain complex of Ai is defined 
as Cl'"^iAi,Ai) = ®n>oAi with the same differential as in the 

unital case. One defines the reduced Hochschild cochain complex C*g^(^i, Ai) 
similarly. We define the morfz^erf Hochschild chain complex C™°'^{A, A) from the 
following isomorphism of complexes Cl'^'^{Ai, Ai) ~ C™°''(A, A) ® k. Similarly, 
we define the modified Hochschild cochain complex from the decomposition 
C*^^{Ai,Ai) c:^ C:^odi^'^) ® ^- Then, similarly to the Theorem 11.3.1 one 
proves the following result. 

Proposition 11.3.4 The pair (C™°''(A, A), C;^od(A, A)) is an algebra over the 
colored operad which is an extension of Chains{C2°^) by null-ary operations on 
Hochschild chain and cochain complexes, which correspond to the unit in A, and 
such that for h = 0,n = and coinciding points in = out, the corresponding 
operation is the identity. 

11.4 Remcirk about Gauss-Manin connection 

Let R = k[[ti, ...,tn]] be the algebra of formal series, and A be an i?-flat A^o- 
algebra. Then the (modified) negative cyclic complex CCr''"°''( A) = (C,(A, 6+ 
uB) is an i?[[u]]-module. It follows from the existense of Gauss-Manin connec- 
tion (see [Get]) that the cohomology 77 CT'™" (A) is in fact a module over the 
ring 

Dr{A) := k[[ti,...,t„,u]][ud/dti, ...,ud/dtn\. 

Inedeed, if V is the Gauss-Manin connection from [Get] then ud/dti acts on the 
cohomology as uWg /a* - ,1 <i <n. 

The above considerations can be explained from the point of view of conjec- 
ture below. Let g = C* {A, A)[l] be the DGLA associated with the Hochschild 
cochain complex, and M := {CZ {A) . We define a DGLA g which is the 
crossproduct [g ® k{^)) x k{d/d^), where deg(, = +1. 

Conjecture 11.4.1 There is a structure of an L^o-module on M over g which 

extends the natural structure of a g-module and such that d/d^ acts as Connes 
differential B. Moreover this structure should follow from the P-algebra struc- 
ture described in Section 11.3. 

It looks plausible that the formulas for the Gauss-Manin connection from 

[Get] can be derived from our generalization of Dcilgnc's conjecture. We will 
discuss flat connections on periodic cyclic homology later in the text. 

11.5 Flat connections and the colored operad 

We start with Z-graded case. Let us interpret the Z-graded formal scheme 
Spf{k\\u\[) as even formal line equipped with the GTO-action u 1— » }?u. The 
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space HC, •'^°'^(A) can be interpreted as a space of sections of a Gm-equivariant 

vector bundle over Spf{k[[u]]) corresponding to the fc[[u]]-flat module lim iJ'(Ci"^(A, A)). 

The action of Gm identifies fibers of this vector bundle over u ^ 0. Thus we 

have a natural flat connection V on the restriction of to the complement of 

the point which has the pole of order one at u = 0. 

Here we are going to introduce a different construction of the connection V 
which works also in Z/2-graded case. This connection will have in general a 
pole of degree two at u = 0. In particular we have the following result. 

Proposition 11.5.1 The space of secfAon of the vector bundle can be en- 
dowed with a structure of a k[[u]][[u'^ d / du]] -module. 

In fact we are going to give an explicit construction of the connection, which 
is based on the action of the colored dg-operad P discussed in Section 11.3 
(more precisely, an extension P"«^ of P, see below). Before presenting an 
explicit formula, we will make few comments. 

1. For any Z/2-graded Aoo-algebra A one can define canonically a 1-parameter 
family of Aoo-algcbras A\,\ e G^, such that Ax = A as a Z/2-graded vector 
space and m^^ = Xm^. 

2. For simplicity we will assume that A is strictly unital. Otherwise we will 
work with the pair (C™°''(^, A), C:^^a{A, A)) of modified Hochschild complexes. 

3. We can consider an extension P"<='" of the dg-operad P allowing any non- 
zero valency for a non-labeled (black) vertex( in the definition of P we required 
that such a valency was at least three). All the formulas remain the same. But 
the dg-operad P"«^ is no longer formal. It contains a dg-suboperad generated 
by trees with all vertices being non-labeled. Action of this suboperad Pnoni is 
responsible for the flat connection discussed below. 

4. In addition to the connection along the variable u one has the Gauss- 
Manin connection which acts along the fibers of £,a (see Section 11.4). Probably 
one can write down an explicit formula for this connection using the action of 
the colored operad P"**". In what follows are going to describe a connection 
which presumably coincides with the Gauss-Manin connection. 

Let us now consider a dg-algebra A:[i3,7o,72] which is generated by the fol- 
lowing operations of the colored dg-operad P"^'": 

a) Connes diflferential B of degree —1. It can be depicted such as follows (cf. 
Section 7.3): 



51 



b) Generator 72 of degree 2, corresponding to the following figure: 




Proposition 11.5.2 The following identities hold in P"^' 
B^ = dB = d72 = 0, djo = [B, 72], 
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B^o+^oB := [B,7o]+ = -B. 

Here by d we denote the Hochschild chain differential (previously it was denoted 

by h). 

Proof. Let us prove that [-B,7o] = — -B, leaving the rest as an exercise to the 
reader. One has the following identities for the compositions of operations in 
pnew. _ _ Q j^g^ check, for example, the last identity. Let us 

denote by W the first summand on the figure defining 270. Then jqB = ^WB. 
The latter can be depicted in the following way: 




out 2 

It is easily seen equals to 2 • |S = B. ■ 

Corollary 11.5.3 Hochschild chain complex C,{A,A) is a dg-module over the 
dg-algebra ^[5,70,72]- 

Let us consider the truncated negative cyclic complex (C, {A, A)[[u]]/ (w"), du = 
d + uB). We introduce a fc-linear map V of C,(A, ^) [[«]]/(«") into itself such 
that V„2g/a„ = u^d/du — 72 + m7o- Then we have: 

a) [V„29/a„, du] = 0; 

b) [V„2a/9„,u] 

Let us denote by V the unital dg-algebra generated by Vu^g/du and u, sub- 
ject to the relations a), b) and the relation = 0. From a) and b) one deduces 
the following result. 

Proposition 11.5.4 The complex {C,{A, A)[[u\]/{u'^),du = d + uB) is a V- 
module. Moreover, assuming the degeneration conjecture, we see that the oper- 
ator Vu^a/du defines a flat connection on the cohomology bundle 

H'iC,{A,A)M/{un,du) 

which has the only singularity at u = which is a pole of second order. 



53 



Taking the inverse limit over n we see that H*{C,{A, A)[[u\], d„) gives rise to 
a vector bundle over Ajg^^[— 2] which carries a flat connection with the second 
order pole at w = 0. It is interesting to note the difference between Z-graded and 
Z/2-graded ^oo-algcbras. It follows from the explicit formula for the connection 
V that the coefficient of the second degree pole is represented by multiplication 
by a cocyle (m„)„>i € C*{A,A). In cohomology it is trivial in Z-graded case 
(because of the invariancc with respect to the group action m„ A m„), but 
nontrivial in Z/2-graded case. Therefore the order of the pole of V is equal to 
one for Z-graded Aoo-algebras and is equal to two for Z/2-graded ^oo-algebras. 
We see that in Z-graded case the connection along the variable u comes from 
the action of the group on higher products m„, while in Z/2-graded case it 
is more complicated. 

11.6 PROP of marked Riemann surfaces 

In this secttion we will describe a PROP naturally acting on the Hochschild 
complexes of a finite-dimensional ^oo-algcbra with the scalar product of degree 
N. 

Since we have a quasi-isomorphism of complexes 
C'{A,A)c:,{C.{A,A)r[-N] 

it suffices to consider the chain complex only. 

In this subsection we will assume that A is cither Z-graded (then TV is an 
integer) or Z/2-graded (then N € Z/2). We will present the results for non- 
unital j4oo-algebras. In this case we will consider the modified Hochschild chain 
complex 

cr" = ®„>o^® (A[i])®"0©„>i(^[i])®", 

equipped with the Hochschild chain differential (see Section 7.4). 
Our construction is summarized in i)-ii) below. 

i) Let us consider the topological PROP M = {M{n, m))n,m>o consisting of 
moduli spaces of metrics on compacts oriented surfaces with bondary consisting 
of n + m circles and some additional marking (see precise definition below). 

ii) Let Chains{Ai) be the corresponding PROP of singular chains. Then 
there is a structure of a Chains{A4)-algehra, on C1^°'^{A,A), which is encoded 
in a collection of morphisms of complexes 

Chains{M{n, m)) (g) C™°'^(A, A)®" ^ (Cr°''(A, A))®™. 

In addition one has the following: 

iii) If A is homologically smooth and satisfies the degeneration property then 
the structure of C/iams(A1)-algebra extends to a structure of a Chains{M)- 
algebra, where M. is the topological PROP of stable compactifications oiM.{n, m) 

Definition 11.6.1 An element of A4 {n,m) is an isomorphism class of triples 
{T,,h,m.ark) where T, is a compact oriented surface (not necessarily connected) 
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with metric h, and m,ark is an orientation preserving isometry between a neigh- 
borhood of cJS and the disjoint union of n + m flat semiannuli Ui<j<„(<S'^ x 
[0,£)) U Ui<i<rn{S^ X [~S)0]), where e is a sufficiently small positive number. 
We will call n circle "inputs" and the rest m circles "outputs". We will assume 
that each connected component of S has at least one input, and there are no 
discs among the connected components. Also we will add S = 5^ to A4{1, 1) as 
the identity morphism. It can be thought of as the limit of cylinders x [0, e] 
as e ^ 0. 

The composition is given by tlio natural gluing of surfaces. 

Let us describe a construction of the action of Chains{M.) on the Hochscliild 
chain complex. In fact, instead oiChains{A4) we will consider a quasi-isomorphic 
dg-PROP R — {R{n, m)n,m>o) generated by ribbon graphs with additional data. 
In what follows we will skip some technical details in the definition of the PROP 
R. They can be recovered in a more or less straightforward way. 

It is well-known (and can be proved with the help of Strebel differentials) that 
A4{n,m) admits a stratification with strata parametrized by graphs described 
below. More precisely, we consider the following class of graphs. 

1) Each graph F is a (not necessarily connected) ribbon graph (i.e. we are 
given a cyclic order on the set Star{v) of edges attached to a vertex v of F). It 
is well-known that replacing an edge of a ribbon graph by a thin stripe (thus 
getting a "fat graph" ) and gluing stripes in the cyclic order one gets a Riemann 
surface with the boundary. 

2) The set V{T) of vertices of F is the union of three sets: V{V) = Vi„{T) U 
Vmiddie{r) U VoMt(r). Here ViniT) consists of n numbered vertices ini,...,inn 
of the valency 1 ( the outcoming edges are called tails), VmiddieiX) consists 
of vertices of the valency greater or equal than 3, and Vout{r) consists of m 
numbered vertices outi, outm of valency greater or equal than 1. 

3) We assume that the Riemann surface corresponding to F has n connected 
boundary components each of which has exactly one input vertex. 

4) For every vertex outj £ Vout(r), 1 < j < m we mark either an incoming 
edge or a pair of adjacent (we call such a pair of edges a corner). 



marked edge 



marked 
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More pedantically, let E{T) denotes the set of edges of F and E°^(r) denotes 
the set of pairs (e, or) where e G E(T) and or is one of two possible orientations of 
e. There is an obvious map E°^{r) — > ^(r) x ^(r) which assigns to an oriented 
edge the pair of its endpoint vertices: source and target. The free involution a 
acting on £'°'"(r) (change of orientation) corresponds to the permutation map 
on V{T) X V{T). Cyclic order on each Star{v) means that there is a bijection 
p : E°'^{T) E°^(r) such that orbits of iterations p",n > 1 are elements of 
Star{v) for some v G V{T). In particular, the corner is given either by a pair 
of coinciding edges (e, e) such that p(e) = e or by a pair edges e, e' G Star{v) 
such that p(e) = eJ . Let us define a face as an orbit oi p o a. Then faces are 
oriented closed paths. It follows from the condition 2) that each face contains 
exactly one edge outcoming from some mj. 

We depict below two graphs in the case gf = 0,n = 2,m = 0. 




deg r= 



Here is a picture illustrating the notion of face 
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Two faces: one contains in^ 
another contains in 




Remark 11.6.2 The above data (i.e. a ribbon graph with numerations of in 
and out vertices) have no automorphisms. Thus we can identify T with its 

isomorphism class. 

The functional (m„(ai, a„), a„+i) is depicted such as follows. 




n=lvl-l 



We define the degree of T by the formula 
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degT= Yl (3-H)+ E (1-H)+ E ^v-Nx{T), 

where e„ — —1, if w contains a marked corner and ey = otherwise. Here 
X(r) = \V{T)\ - |i;(r)| denotes the Euler characteristic of T. 

Definition 11.6.3 We define R(n, m) as a graded vector space which is a direct 
sum ©rV'r of 1- dimensional graded vector spaces generated by graphs F as above, 
each summand has degree degV. 

One can see that tjjr is naturally identified with the tensor product of 1- 
diniensional vector spaces (cletcirminants) corresponding to vertices of F. 

Now, having a graph F which satisfies conditions 1-3) above, and Hochschild 
chains 71, ...,7„ G C™°''(A, A) we would like to define an element of C:"°'^(^, A)®' 
Roughly speaking we are going to assign the above n elements of the Hochschild 
complex to n faces corresponding to vertices irii,! < i < n, then assign tensors 
corresponding to higher products mi to internal vertices v e Vmiddle(r), then 
using the convolution operation on tensors given by the scalar product on A to 
read off the resulting tensor from outj ,1 < j < m. More precise algorithm is 
described below. 

a) We decompose the modified Hochschild complex such as follows: 

Cr''{A,A) = e,>o,ee{o,i}QT'(^'^)' 

where C;™°fo(A, A) ^ A(g) and C;"^°fi(A, A) = fc according 

to the definition of modified Hochschild chain complex. For any choice of k > 
0,£i e {0,1},1 < i < n we are going to construct a linear map of degree zero 

/r : # Cr,%i {A, A) ® ... ® C;™°/^ [A, A) ^ {Cr'^{A, A))®™. 

The result will be a sum /r = X^p, fv of certain maps. The description of 
the collection of graphs F' is given below. 

b) Each new graph F' is obtained from F by adding new edges. More precisely 
one has ViV') = V{T) and for each vertex im € Vin{T) we add k new outcoming 
edges. Then the valency of irii becomes h + l. 
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More pedantically, for every i,l < i < nwe have constructed a map from the 
set {1, ...,li} to a cyclically ordered set which is an orbit oi po a with removed 
the tail edge oncoming from iuj. Cyclic order on the edges of V is induced by 
the cyclic order at every vertex and the cyclic order on the path forming the 
face corresponding to mj. 




c) We assign 7j e Ci-^^. to irii. We depict 7i as a "wheel" representing the 
Hochschild cocycle. It is formed by the cndpoints of the Ij + 1 edges outconiing 
from irii € V(r') and taken in the cyclic order of the corresponding face. If 
£, = 1 then (up to a scalar) 7^ = 1 (g)ai ... (g)a;^, and we require that the tensor 
factor 1 corresponds to zero in the cyclic order. 
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d) Wc remove from considerations graphs F which do not obey the following 

property after the step c): 

the edge corresponding to the unit 1 S fc (see step c)) is of the type (ini,v) 
where either v e Vmiddiei^') o,nd 1^1 = 3 or v = outj for some 1 < j < m and 
the edge {irii, outj) was the marked edge for outj. 

Let us call unit edge the one which satisfies one of the above properties. We 
define a new graph F" which is obtained from F by removing unit edges. 

e) Each vertex now has the valency \v\ > 2. We attach to every such vertex 
either: 

the tensor cG A (inverse to the scalar product), if \v\ = 2, 
or 

the tensor (m|„|_i(ai, a|„|_i), a|„|) if \v\ > 3. The latter can be identified 
with the element of A'^l"! (here we use the non-degenerate scalar product on 
A). 

Let us illustrate this construction. 
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f) Let us contract indices of tensors corresponding to Vi„(r") U Vmiddiei^") 
(see c), e)) along the edges of F" using the scalar product on A. The result will 
be an element aout of the tensor product (8)i<j<mj4'^*"''r"(°"*j). 

g) Last thing we need to do is to interpret the element aout as an element of 
C^°'^{A, A). There are three cases. 

Case 1. When we constructed F" there was a unit edge incoming to some 
outj. Then we reconstruct back the removed edge, attach 1 G fc to it, and 
interpret the resulting tensor as an element of C]^utj \ £j=i(^'^)- 

Case 2. There was no removed unit edge incoming to outj and we had a 
marked edge (not a marked corner) at the vertex outj . Then we have an honest 
element of Cp°'^^l_,^^o(A^) 

Case 3. Same as in Case 2, but there was a marked corner at outj e T4uj(F). 
We have added and removed new edges when constructed F". Therefore the 
marked corner gives rise to a new set of marked corners at outj considered as 
a vertex of F". Inside every such a corner we insert a new edge, attach the 
element 1 G A; to it and take the sum over all the corners. In this way we obtain 
an element of C\^utj \ ej=ii^'^)- '^^^^ procedure is depicted below. 
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and e 2 are new edges. 




new unit edges 



This concludes the construction of fr- Notice that i? is a dg-PROP with 
the differential given by the insertion of a new edge between two vertices from 

Proof of the following Proposition will be given elsewhere. 

Proposition 11.6.4 The above construction gives rise to a structure of a R- 
algebra on C™°'^(^,A). 

Remark 11.6.5 The above construction did not use homological smoothness of 
A. 

Finally we would like to say few words about an extension of the i?-action 
to the Chains{M)-action. More details and application to Topological Field 
Theory will be given in [KaKoP]. 

If we assume the degeneration property for A, then the action of the PROP 
R can be extended to the action of the PROP Chains{M) of singular chains 
of the topological PROP of stable degenerations of M™^'^'^''. In order to see 
this, one introduces the PROP D freely generated by i?(2, 0) and i?(l, 1), i.e. by 
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singular chains on the moduli space of cylinders with two inputs and zero outputs 
(they correspond to the scalar product on C»{A,A)) and by cylinders with one 
input and one output (they correspond to morphisms C,{A,A) C,{A,A)). 
In fact the (non-symmetric) bilinear form h : H,{A,A) (g) H,{A,A) k docs 
exist for any compact ^oo-algebra A. It is described by the graph of degree 
zero on the figure in SEction 11.6. This is a generalization of the bilinear form 
(a, b) G A/[A, A](i$A/[A, A] Tr{axb) e k. It seems plausible that homological 
smoothness implies that h is non-degenerate. This allows us to extend the action 
of the dg sub-PROP D c Rto the action of the dg PROP D' c R which contains 
also i?(0, 2) (i.e. the inverse to the above bilinear form). If we assume the 
degeneration property, then we can "shrink" the action of the homologically non- 
trivial circle of the cylinders (since the rotation around this circle corresponds 
to the differential B). Thus D' is quasi-isomorphic to the dg-PROP of chains 
on the (one-dimensional) retracts of the above cylinders (retraction contracts 
the circle). Let us denote the dg-PROP generated by singular chains on the 
retractions by D" . Thus, assuming the degeneration property, we see that the 
free product dg-PROP R' = R *d D" acts on C™'"'(A, A). One can show 
that R' is quasi-isomorphic to the dg-PROP of chains on the topological PROP 
^^■n^m of stable compactifications of the surfaces from M™^^"^. 

Remark 11.6.6 a) The above construction is generalization of the construction 

from [Ko3], which assigns cohomology classes of Mg_n to a finite- dimensional 
A^-algebra with scalar product (trivalent graphs were used in [Ko3]). 

b) Different approach to the action of the PROP R was suggested in [Cos]. 
The above Proposition gives rise to a structure of Topological Field Theory as- 
sociated with a non-unital A^o-algebra with scalar product. If the degeneration 
property holds for A then one can define a Cohomological Field Theory in the 
sense of [KoM] 

c) Homological smoothness of A is closely related to the existence of a non- 
commutative analog of the Chem class of the diagonal A c XxX of a projective 

scheme X . This Chern class gives rise to the inverse to the scalar product on A. 
This topic will be discussed in the subsequent paper devoted to Aoo-categories. 

12 Appendix 

12.1 Non-commutative schemes and ind-schemes 

Let C be an Abelian /c-linear tensor category. To simplify formulas we will 
assume that it is strict (see [McL]). We will also assume that C admits infinite 
sums. To simplify the exposition we will assume below (and in the main body 
of the paper) that C = Vectf. 

Definition 12.1.1 The category of non- commutative affine k-schemes in C 
(notation NAffc) is the one opposite to the category of associative unital k- 
algebras in C. 
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The non-commutative scheme corresponding to the algebra A is denoted by 
Spec{A). Conversely, if X is a non-commutative afHne scheme then the cor- 
responding algebra (algebra of regular functions on X) is denoted by 0{X). 
By analogy with commutative case wc call a morphism f : X Y a closed 
embedding if the corresponding homomorphism /* : 0{Y) — > 0{X) is an epi- 
morphism. 

Let us recall some terminology of ind-objects (sec for ex. [Gr], [AM], [KSch]). 
For a covariant functor (f) : I ^ A from a small filtering category I (called fil- 
trant in [KSch]) there is a notion of an inductive limit "lim"(^ e A and a 

projective limit ''lim"0 € A. By definition '']irn"0(X) = lirn HomAjX, 4>{i)) 
and " lim"0(X) = liin Hom.A{4'{i), X). All inductive limits form a full subcate- 
gory Ind{A) C ^ of ind-objects in A. Similarly all projective limits form a full 
subcategory Pro{A) C ^ of pro-objects in A. 

Definition 12.1.2 Let I be a small filtering category, and F : I ^ NAffc a 
covariant functor. We say that "lim"F is a non- commutative ind-affine scheme 
if for a morphism i ^ j in I the corresponding morphism F{i) — »• F{j) is a 

closed embedding. 

In other words a non-commutative ind-affine scheme X is an object of 
Ind{NAffc), corresponding to the projective limit lim Aa,a G I, where each 
Aa is a unital associative algebra in C, and for a morphism a ^ f3 in I the cor- 
responding homomorphism — > Aa is a surjective homomorphism of unital 
algebras (i.e. one has an exact sequence — > J ^ ^ j4„ — > 0). 

Remark 12.1.3 Not all categorical epimorphisms of algebras are surjective ho- 
momorphisms (although the converse is true). Nevertheless one can define closed 
embeddings of affine schemes for an arbitrary Abelian k-linear category, observ- 
ing that a surjective homomorphism of algebras f : A ^ B is characterized 
categorically by the condition that B is the cokernel of the pair of the natural 
projections /i_2 : Axb A^ A defined by f. 

Morphisms between non-commutative ind-affine schemes are defined as mor- 
phisms between the corresponding projective systems of unital algebras. Thus 
we have 

HorriNA f fc (1™ , lim Yj) = lim lim Horn na f fc {^i ) Xj' ) • 
I J I J 

Let us recall that an algebra M G Ob{C) is called nilpotent if the natural 
morphism M®" M is zero for all sufficiently large n. 

Definition 12.1.4 A non-commutative ind-affine scheme X is called formal if 
it can be represented as X = lim Spec{Ai), where (Aj)jg/ is a projective system 
of associative unital algebras in C such that the homomorphisms Ai — »• Aj are 
surjective and have nilpotent kernels for all morphisms j ^ i in I. 

Let us consider few examples in the case when C = Vectk- 
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Example 12.1.5 In order to define the non-commutative formal affine line 
A]y(7 it suffices to define Hom{Spec{A), A]^^) for any associative unital algebra 
A. H^e de^ne i?omArA//J5'?>ec(A), A]v(^) = Im iJomAigfc(fc[[t]]/(t"), A). Then 
the set of A-points of the nan- commutative formal affine line consists of all 
nilpotent elements of A. 

Example 12.1.6 For an arbitrary set I the non- commutative formal affine 
space Aj^Q corresponds, by definition, to the topological free algebra k{{ti))i^i. 
If A is a unital k-algebra then any homomorphism k{{ti))i^i A maps almost 
all ti to zero, and the remaining generators are mapped into nilpotent elem,ents of 
A. In particular, i// = N = {l,2,...} then A}^q = \\mSpec{k{{ti, ...,tn)) /{ti, ...,t, 
where {ti, ...,t„) denotes the two-sided ideal generated by ti,l < i < n, and the 
limit is taken over all n,m ^ oo. 

By definition, a closed subscheme F of a scheme X is defined by a 2-sided 
ideal J C 0{X). Then 0{Y) = 0{X)/J. If F c X is defined by a 2-sided ideal 
J C 0{X), then the completion of X along y is a formal scheme corresponding 
to the projective limit of algebras lim 0(X)/J". This formal scheme will be 

denoted by Xy or by SpfiOiX)/J). 

Non-commutative affine schemes over a given field k form symmetric monoidal 
category. The tensor structure is given by the ordinary tensor product of unital 
algebras. The corresponding tensor product of non-commutative affine schemes 
will be denoted by X (^Y. It is not a categorical product, differently from the 
case of commutative afRne schemes (where the tensor product of algebras corre- 
sponds to the Cartesian product X xY). For non-commutative affine schemes 
the analog of the Cartesian product is the free product of algebras. 

Let A, B be free algebras. Then Spec{A) and Spec{B) are non-commutative 
manifolds. Since the tensor product A® B in general is not a smooth algebra, 
the non-commutative affine scheme Spec{A ® B) is not a manifold. 

Let X be a non-commutative ind-affine scheme in C. A closed fc-point x & X 
is by definition a homomorphism of 0{X) to the tensor algebra generated by 
the unit object 1. Let rrix be the kernel of this homomorphism. We define the 
tangent space T^X in the usual way as {mx/rn^)* G Ob{C). Here is the 
image of the multiplication map m®"^ rux- 

A non-commutative ind-affine scheme with a marked closed A;-point will be 
called pointed. There is a natural generalization of this notion to the case of 
many points. Let y C X be a closed subscheme of disjoint closed fc-points (it 
corresponds to the algebra homomorphism 0{X) ^ 1®!® ...). Then Xy is a 
formal manifold. A pair {Xy, Y) (often abbreviated by Xy) will be called (non- 
commutative) formal m,anifold with marked points. If Y consists of one such 
point then {Xy, Y) will be called (non-commutative) formal pointed manifold. 

12.2 Proof of Theorem 2.1.1 

In the category Alg^f every pair of morphisms has a kernel. Since the functor 
F is left exact and the category Algcf is Artinian, it follows from [Gr], Sect. 3.1 
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that F is strictly pro-rcprcscntablc. This means that there exists a projective 
system of finite-dimensional algebras such that, for any morphism i ^ j 

the corresponding morphsim Aj ^ is a categorical epimorphism, and for any 
A G Ob{AlgQf) one has 

F{A) = lim Horn Aig^f {Ai, A). 
I 

Equivalently, 

FiA) = limHomcoaig^f (A*, A*), 
I 

where {A*)i^i is an inductive system of finite-dimensional coalgebras and for 
any morphism i — > j in / we have a categorical monomorphism gji : A* ^ A*. 

All what we need is to replace the projective system of algebras {Ai)i^i by 
another projective system of algebras (Aj)^^/ such that 

a) functors " lim " and " lim " h-^. are isomorphic (here hx is the functor 
defined by the formula hx{Y) = Hom{X, Y)); 

b) for any morphism i j the corresponding homomorphism of algebras 
fij : Aj Ai is surjective. 

Let us define Ai = Pli^j I'm{fij)^ where Im{fij) is the image of the homo- 
morphism fij : Aj — * Ai corresponding to the morphism i j in /. In order to 
prove a) it suffices to show that for any unital algebra B in C-^ the natural map 
of sets 

lim Homcf{Ai,B) lim Homcf {Ai, B) 
I I 

(the restriction map) is well-defined and bijective. 

The set lim^ Horrici {Ai, B) is isomorphic to (|Jj Hounds {Ai, B))/equiv. where 
two maps fi : Ai ^ B and fj : Aj B such that i —> j are equivalent if 
fifij — fj- Since is an Artinian category, we conclude that there exists 
such that fim{Am) = Ai, fjm{Am) = Aj. From this observation one easily 
deduces that fij{Aj) = Ai. It follows that the morphism of functors in a) is 
well-defined, and b) holds. The proof that morphisms of functors biejectively 
correspond to homomorphisms of coalgebras is similar. This completes the proof 
of the theorem. ■ 

12.3 Proof of Proposition 2.1.2 

The result follows from the fact that any x G B belongs to a finite-dimensional 

subcoalgebra B^ C B, and if B was counital then B^ would be also counital. 
Let us describe how to construct B^. Let A be the coproduct in B. Then one 
can write 

A(a;) = (g) bi, 

i 

where Ui (resp. hi) are linearly independent elements of B. 
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It follows from the coassociativity of A that 

^A(ai) 6i = O A(6i). 

i i 

Therefore one can find constants G k such that 

j 

and 

j 

Applying A id to the last equality and using the coassociativity condition 
again we get 

n 

Let Bx be the vector space spanned by x and all elements ai,bi,Cij. Then 
is the desired subcoalgebra. ■ 

12.4 Formal completion along a subscheme 

Here we present a construction which generalizes the definition of a formal 
neighborhood of a fc-point of a non-commutative smooth thin scheme. 

Let X = Spc{Bx) be such a scheme and f : X ^ Y = Spc{By) be a 
closed embedding, i.e. the corresponding homomorphism of coalgebras Bx — > 
By is injective. We start with the category Mx of nilpotent extensions of X, 
i.e. homomorphisms (/) : X —>■ U, where U = Spc{D) is a non-commutative 
thin scheme, such that the quotient D/ f(Bx) (which is always a non-counital 
coalgebra) is locally conilpotent. We recall that the local conilpotency means 
that for any a S D/f{Bx) there exists n > 2 such that A("'(a) = 0, where 
A^") is the n-th iterated coproduct A. If (X, and {X,(f>2,U2) are two 

nilpotent extensions of X then a morphism between them is a morphism of non- 
commutative thin schemes t : Ui ^ U2, such that t(j)i = (j}2 (in particular, Mx 
is a subcategory of the naturally defined category of non-commutative relative 
thin schemes). 

Let us consider the functor G/ : N'^ Sets such that G{X, (j), U) is the set 
of all morphisms tl) :U Y such that ^(p ~ f. 

Proposition 12.4.1 Functor Gf is represented by a triple (X,Tr,Yx) where the 
non- commutative thin scheme denoted by Yx is called the formal neighborhood 
of f{X) iuY (or the completion ofY along f{X)). 

Proof. Let BfC Bx be the counital subcoalgebra which is the pre- image of 
the (non-counital) subcoalgebra in By/ f{Bx) consisting of locally conilpotent 
elements. Notice that f{Bx) C Bj. It is easy to see that taking Yx ■= Spc{Bf) 
we obtain the triple which represents the functor Gf. I 

Notice that Yx — > ^ is a closed embedding of non-commutative thin schemes. 
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Proposition 12.4.2 IfY is smooth then Yx is smooth and Yx — Yy^. 

Proof. Follows immediately from the explicit description of the coalgebra 
Bf given in the proof of the previous Proposition. ■ 
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